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Non-Symmetric Diffusions on RCD Spaces KOHEI SUZUKI
Convergence of Non-symmetric Diffusion Processes on RCD
Spaces
Kohei Suzuki ∗
Abstract
We construct non-symmetric diffusion processes associated with Dirichlet forms con-
sisting of uniformly elliptic forms and derivation operators with killing terms on RCD
spaces by aid of non-smooth differential structures introduced by Gigli [17]. After con-
structing diffusions, we investigate conservativeness and the weak convergence of the laws
of diffusions in terms of a geometric convergence of the underling spaces and convergences
of the corresponding coefficients.
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1 Introduction
1.1 Motivation and Overview
The aim of this paper is to investigate non-symmetric diffusion processes and their con-
vergence on varying metric measure spaces under Riemannian Curvature-Dimension (RCD)
conditions. We first construct non-symmetric diffusion processes on metric measure spaces
under RCD conditions, which are constructed by certain Dirichlet forms consisting of uni-
formly elliptic operators and derivation operators with killing terms. Then we investigate
conservativeness and the weak convergence of these diffusions in terms of a geometric con-
vergence of the underlying spaces and convergences of the corresponding coefficients.
The notions of CD/RCD conditions on metric measure spaces are generalizations of the
notion of lower Ricci curvature bounds in the framework of metric measure spaces, which
are stable under geometric convergences such as the measured Gromov–Hausdorff (GH) con-
vergence. They therefore contain various (finite- and infinite-dimensional) singular spaces
such as Ricci limit spaces (Sturm [33, 34], Lott–Villani [26]), Alexandrov spaces (Petrunin
[30], Zhang–Zhu [43]), warped products and cones (Ketterer [23, 24]), quotient spaces (Galaz-
Garc´ıa–Kell–Mondino–Sosa [16]) and infinite-dimensional spaces such as Hilbert spaces with
log-concave measures (Ambrosio–Savare´–Zambotti [7]) (related to various stochastic partial
differential equations). The main point is that the notion of lower Ricci curvature bounds
can be completely characterized by convexity of entropy functionals on Wasserstein spaces,
for which only metric measure structures are essential (Sturm [33, 34], Lott–Villani [26],
Ambrosio-Gigli-Savare´ [4], Ambrosio–Gigli–Mondino–Rajala [1], Ambrosio–Mondino-Savare´
[6] and Erbar–Kuwada–Sturm [11]).
A natural issue in probability theory is whether one can construct diffusion processes on
these non-smooth spaces, and if one can construct them, what properties these diffusion pro-
cesses have. By recent developments of analysis on metric measure spaces, we can construct
Brownian motions on RCD spaces by using a certain quadratic form, what is called Cheeger
energy. This is a generalization of Dirichlet energy on smooth manifolds and induces a quasi-
regular strongly local conservative symmetric Dirichlet form (Ambrosio-Gigli-Savare´ [3, 4]
and Ambrosio–Gigli–Mondino–Rajala [1]). Since the Cheeger energy is determined only by
the underlying metric measure structure, theoretically speaking, every property of Brownian
motions should be derived from the geometric properties of the underlying spaces. With this
motivation, in [35], the author focused on the relation between geometric and stochastic con-
vergences: the former is the pointed measured Gromov (pmG) convergence of the underlying
spaces, and the latter is the weak convergence of Brownian motions. The main results in
[35] state that the pmG convergence of the underlying spaces implies the weak convergence
of Brownian motions on RCD(K,∞) spaces (and under more strict conditions, these two
convergences are equivalent).
In this paper, as a next step of [35], we construct non-symmetric diffusion processes
and investigate their convergences on varying RCD spaces. To construct non-symmetric
diffusions, we utilize linear transformations between L2-vector fields (called tangent mod-
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ule in Gigli [17]) as second-order perturbations, and derivation operators (Weaver [42]) as
first-order perturbations corresponding to vector fields on metric measure spaces. We take
advantage of a Dirichlet form approach to construct diffusion processes on these non-smooth
spaces (see Remark 3.3 for different approaches). Next we investigate conservativeness and
the weak convergence of these diffusion processes. For the weak convergence, we utilize the
notion of convergence of non-symmetric forms according to Hino [21] with a slight modifica-
tion for varying metric measure spaces. We show the convergence of non-symmetric forms
under convergences of uniformly elliptic operators and derivations whereby the convergence
of derivations was introduced by Ambrosio–Stra–Trevisan [8]. Consequently, we obtain the
weak convergence of the laws of finite-dimensional distributions. Finally, we study tightness
of a sequence of these diffusion processes by aid of the Lyons-Zheng decomposition for non-
symmetric forms in the case of non-compact spaces. In the case of compact spaces, we use
heat kernel estimates.
We remark that every result in this paper can be applied also to the case of time-dependent
coefficients At (diffusion coefficients), bt (drift coefficients) and ct (killing coefficients) with
slight modifications, but we only deal with the time-independent case in this paper.
1.2 Main Results
In this section, we briefly present our main results, referring to Section 2 for more details on
notation. We consider a pointed metric measure (p.m.m.) space X = (X, d,m, x), whereby
we always assume that
(X, d) is a complete separable geodesic metric space with non-negative and non-zero Borel
measure m which is finite on all bounded sets with supp[m] = X, and x is a fixed point in X.
(1.1)
Here supp[m] denotes the support of the measure m. We also assume the following volume
growth condition: there exist constants c1, c2 > 0 depending only on K satisfying
m(Br(x)) ≤ c1e
c2r2 , ∀r > 0. (1.2)
We always assume that (X, d,m, x) satisfies the RCD(K,∞) condition, which means that the
Ricci curvature is bounded from below by K and the space admits a linear gradient structure
in this generality (see Section 2.7).
We first construct non-symmetric diffusion processes associated with the following bilinear
form E : Lipbs(X) × Lipbs(X)→ R:
E(f, g) :=
1
2
ˆ
X
〈A∇f,∇g〉dm+
ˆ
X
b1(f)gdm+
ˆ
X
fb2(g)dm+
ˆ
X
fgcdm. (1.3)
In this generality, defining the above formula (1.3) is a non-trivial issue, but it is possible
according to non-smooth differentiable structures developed by Gigli [17]: Lipbs(X) denotes
the set of bounded Lipschitz functions with bounded support on X, and |∇f | denotes the
minimal weak upper gradient of f . Let A : L2(TX) → L2(TX) denote a (not necessarily
symmetric) module morphism on L2-vector fields (tangent module) so that there exists H ∈
L1loc(X,m) satisfying |A∇f | ≤ H|∇f | for any f ∈ Lipbs(X). We write |A| for the minimal
element among such H. Here |Y | ∈ L2(X,m) denotes the point-wise norm for Y ∈ L2(TX).
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We denote by 〈·, ·〉 the point-wise scalar product on L2(TX). The notation bi (i = 1, 2)
means a derivation operator (see Weaver [42], Fitzsimmons [14], Gigli [17]), which is a linear
map bi : Lipbs(X)→ L
1
loc(X,m) so that there exists h ∈ L
1
loc(X,m) satisfying bi(f) ≤ h|∇f |
for any f ∈ Lipbs(X). We write |bi| for the minimal element among such h. Every notion in
this paragraph is explained in Section 2 in more detail.
Under suitable assumptions (Assumption 3.1), we show that E is closable and the smallest
closed extension (E ,F) is a (quasi-)regular local Dirichlet form (Proposition 3.2). Therefore,
there exist diffusion processes corresponding to the Dirichlet form (E ,F).
We now focus on the weak convergence of the laws of the corresponding diffusion processes.
Let Sν = (Pν , S) (resp. Sˆν = (Pˆν , Sˆ)) denote the diffusion process (resp. its dual process) with
the initial distribution ν associated with the Dirichlet form (E ,F) (resp. (Eˆ , Fˆ)). Let ζS and
ζ
Sˆ
be lifetimes for S and Sˆ respectively. Let ζ := min{ζS, ζSˆ}, and S
ν
T (resp. Sˆ
ν
T ) denotes the
diffusion process Sν (resp. Sˆν) restricted on {ζ > T} for T > 0. We assume the following:
Assumption 1.1 Let {Xn}n∈N be a sequence of p.m.m. spaces satisfying RCD(K,∞) con-
dition with mn(Xn) = 1, or RCD
∗(K,N). Let us suppose the following conditions:
(i) Xn → X∞ in the pmG sense;
(ii) supn∈N
(
‖|An|‖∞ + ‖|bn1 |‖∞ + ‖|b
n
2 |‖∞ + ‖divb
n
1‖∞ + ‖divb
n
2‖∞ + ‖cn‖∞
)
< ∞, and
An is symmetric and there exists λ > 0 so that
〈An∇f,∇f〉 ≥ λ〈∇f,∇f〉, mn-a.e., ∀f ∈ Lipbs(Xn),∀n ∈ N;
(iii) for any non-negative f ∈ Lipbs(Xn), i = 1, 2,∀n ∈ N,ˆ
Xn
(bni (f) + cnf)dmn ≥ 0;
(iv) An → A∞, and bni → b
∞
i , divb
n
i → divb
∞
i (i = 1, 2) and cn → c∞ strongly in L
2,
respectively;
(v) The initial distribution νn ∈ P(Xn) satisfies νn(dx) = φnmn(dx) for n ∈ N with
supn∈N ‖φn‖Br(xn),∞ <∞ and φn → φ∞ weakly in L
2.
The notion of the pmG convergence was introduced by Gigli–Mondino–Savare´ [19] and is
recalled in Section 2. The notion of a convergence of An on varying metric measure spaces
is introduced in Definition 4.7. The L2-strong convergence of derivation operators bni was
introduced by Ambrosio-Stra-Trevisan [8] and the precise definition is recalled in Section 4.
The divergence of a derivation b is denoted by divb, which is recalled in Section 4 (when
we write divb, we assume implicitly the existence of divb). We mean ‖φn‖Br(xn),∞ :=
ess- supx∈Br(xn) |φn(x)|, whereby Br(xn) means the open ball centered at xn with radius r.
The notion of Lp-convergence of functions on varying metric measure spaces is according
to Gigli–Mondino–Savare´ [19] and stated in Section 4. The space P(Xn) denotes the set
of Borel probability measures on Xn. Note that, since the RCD(K,∞) condition is stable
under the pmG convergence (see [19, Theorem 7.2]), the limit space X∞ also satisfies the
RCD(K,∞) condition. Therefore, the diffusion process associated with (E∞,F∞) and the
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initial distribution ν∞ corresponding to (1.3) can be defined also on the limit space X∞ and
the corresponding diffusion restricted on {ζ∞ > T} is denoted by Sν∞∞,T (resp. Sˆ
ν∞
∞,T ).
Under the pmG convergence, we can embed each space Xn to a common ambient space
X isometrically and thus, we may consider each Xn to be a subset of X. Let C([0, T ];X)
denote the space of continuous paths from [0, T ] to X with uniform topology on compact
sets. Now we state the following two main theorems.
Theorem 1.2 Under Assumption 1.1, the laws of Sνnn,T and Sˆ
νn
n,T converge weakly to S
ν∞
∞,T
and Sˆν∞∞,T , respectively in the space P≤1(C([0, T ];X)).
Here P≤1(C([0, T ];X)) denotes the set of all Borel sub-probability measures (i.e., measures
whose total mass is less than or equal to 1) on C([0,∞);X). The next theorem requires
stronger conditions than Theorem 1.2, but the initial distribution can be improved to dirac
measures δxn .
Theorem 1.3 Suppose Assumption 1.1 and RCD∗(K,N) with supn∈N diam(Xn) < ∞. If
divbn1 = cn (resp. divb
n
2 = cn), then the law of Sˆ
xn
n (resp. S
xn
n ) converges weakly to Sˆ
x∞∞
(resp. Sx∞∞ ) in P(C([0,∞);X)).
Remark 1.4 We give two remarks about the main results.
(i) The elliptic constant λ > 0 in (ii) of Assumption 1.1 needs to be uniform in n ∈ N,
which is used to prove the convergence of Dirichlet forms and appears in (4.1) in Section
4.
(ii) Under the assumption of Theorem 1.3, the underlying space Xn is compact for every
n ∈ N.
Finally we give a criterion for conservativeness of forms associated with (1.3) (Proposition
7.1).
1.3 Organization of the Paper
The paper is structured as follows. First, the notation is fixed and preliminary facts are re-
called in Section 2 (no new results are included): basic notations and definitions from metric
geometry (Subsection 2.1); pmG convergence (Subsection 2.2); L2-normed modules (Sub-
section 2.3); Tangent module (Subsection 2.4); Dirichlet forms (Subsection 2.5); RCD(K,∞)
and RCD∗(K,N) spaces (Subsection 2.7). In Section 3, we prove Proposition 3.2 to construct
a Dirichlet form corresponding to (1.3). In Section 4, we show convergence of non-symmetric
forms. We first recall Lp-convergence of functions on varying metric measure spaces. Sec-
ondly, we introduce convergence of An and recall a notion of convergence of derivations ac-
cording to Ambrosio–Stra–Trevisan [8]. Finally, we show convergence of non-symmetric forms
with a modification for varying spaces. In Section 5, we prove the weak convergence of finite-
dimensional distributions of diffusions under Assumption 1.1. In Section 6, we give proofs for
the tightness of diffusions under Assumption 1.1 and complete the proofs of Theorem 1.2 and
1.3. In Section 7, we show Proposition 7.1, which is a criterion for conservativeness. Finally
in Section 8, we give examples for which Assumption 1.1 is satisfied.
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2 Notation & Preliminary Results
2.1 Preliminary from Metric Measure Geometry
Let N = {0, 1, 2, ...} and N := N∪{∞} be the set of natural numbers and the set of extended
natural numbers, respectively. Let (X, d) be a complete separable metric space. We write
Br(x) = {y ∈ X : d(x, y) < r} for an open ball centered at x ∈ X with radius r > 0. By
using B(X), we denote the family of all Borel sets in (X, d); and by Bb(X), the set of real-
valued bounded Borel-measurable functions on X. Let C(X) denote the set of real-valued
continuous functions on X, while Cb(X), C0(X) and Cbs(X) denote the subsets of C(X)
consisting of bounded functions, functions with compact support, and bounded functions with
bounded support, respectively. Let Lip(X) denote the set of real-valued Lipschitz continuous
functions onX. Let Lipb(X) and Lipbs(X) denote the subsets of Lip(X) consisting of bounded
functions, and bounded functions with bounded supports, respectively. For f ∈ Lipbs(X), the
global Lipschitz constant Lip(f) is defined as the infimum of L > 0 satisfying |f(x)− f(y)| ≤
Ld(x, y) for any x, y ∈ X. The set P(X) denotes all Borel probability measures on X. The
set of continuous functions on [0,∞) valued in X is denoted by C([0,∞);X).
Let supp[m] = {x ∈ X : m(Br(x)) > 0, ∀r > 0} denote the support of m. Let (Y, dY ) be
a complete separable metric space. For a Borel measurable map f : X → Y , let f#m denote
the push-forward measure on Y :
f#m(B) = m(f
−1(B)) for any Borel set B ∈ B(Y ).
For a measure space (X,m) with a Borel measure m, we denote by Lp(X,m) (Lp(m) for
brevity if no confusion occurs) (1 ≤ p ≤ ∞) the space of m-equivalence classes of Borel
measurable functions f : X → R ∪ {∞} so that ‖f‖pLp(X,m) :=
´
X |f |
pdm <∞ if 1 ≤ p <∞,
and ‖f‖L∞(X,m) = ess-supx∈X |f(x)| < ∞ in the case of p = ∞. We sometimes write ‖ · ‖p
for brevity. Let L0(X,m) denote the set of equivalent classes of Borel measurable functions
f : X → R. For f, g ∈ L2(X,m), let (f, g)L2(X,m) (simply (f, g)) denote the inner product´
X fgdm. For a measurable set A ⊂ X, let us denote the indicator function by 1A, which
is equal to 1 for x ∈ A and 0 otherwise. For any two functions f, g : X → R, we write
f ∨ g = max{f, g} and f ∧ g = min{f, g}.
A curve γ : [0, 1] → X is absolutely continuous if there exists a function f ∈ L1(0, 1) so
that
d(γt, γs) ≤
ˆ s
t
f(r)dr, ∀t, s ∈ [0, 1], t < s. (2.1)
The metric speed t 7→ |γ˙|t ∈ L
1(0, 1) is defined as the essential infimum among all the
functions f satisfying (2.1).
A Borel probability measure pi on C([0, 1];X) is a test plan if there exists a constant C(pi)
so that
(et)#pi ≤ C(pi)m, ∀t ∈ [0, 1], with
ˆ ˆ 1
0
|γ˙t|
2dtdpi(γ) <∞.
Here et(γ) := γ(t) ∈ X is the evaluation map.
The set of Sobolev functions S2(X, d,m) (or, simply S2(X)) is defined to be the space of
all functions in L0(X,m) so that there exists a non-negative G ∈ L2(m) for which it holdsˆ
|f(γ1)− f(γ0)|dpi(γ) ≤
ˆ ˆ 1
0
G(γt)|γ˙t|dtdpi(γ), ∀test plan pi.
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It turns out (see [4]), that for f ∈ S2(X) there exists a minimal G in the m-a.e. sense for
which the above inequality holds. We denote by |∇f | such G and call it minimal weak upper
gradient. Let us define W 1,2(X, d,m) := S2(X, d,m) ∩ L2(X,m) (or, simply W 1,2(X)). A
functional Cheeger energy Ch : W 1,2(X, d,m) → R is defined as follows
Ch(f) =
1
2
ˆ
X
|∇f |2dm, f ∈W 1,2(X, d,m).
Remark 2.1 Note that Ch : L2(X,m) → [0,+∞] is a lower semi-continuous and convex
functional, but not necessarily a quadratic form. This means that (W 1,2(X, d,m),
√
2Ch(·) + ‖ · ‖22)
is a Banach space, but not necessarily a Hilbert space.
We say that (X, d,m) satisfies the infinitesimal Hilbertian (IH) condition if Ch is a quadratic
form, i.e.,
2Ch(u) + 2Ch(v) = Ch(u+ v) + Ch(u− v), (2.2)
for any u, v ∈W 1,2(X, d,m). Let us define the point-wise scalar product as follows
〈∇f,∇g〉 := lim
ε→0
|∇(f + εg)|2 − |∇f |2
ε
, f, g ∈W 1,2(X, d,m), (2.3)
whereby the limit is with respect to L1(m). If the Cheeger energy Ch is quadratic, the point-
wise inner product becomes a L1(m)-valued bilinear form (see [4, Definition 4.12], and [8,
Theorem 2.7]). We set Ch(f, g) := (1/2)
´
X〈∇f,∇g〉dm.
2.2 Pointed Measured Gromov Convergence
We recall the definition of pmG convergence introduced in Gigli-Mondino-Savare´ [19].
Definition 2.2 ([19]) (pmG Convergence) A sequence of p.m.m. spaces Xn = (Xn, dn,mn, xn)
satisfying (1.1) is said to be convergent to X∞ = (X∞, d∞,m∞, x∞) in the pointed measured
Gromov (pmG) sense if there exist a complete separable metric space (X, d) and isometric
embeddings ιn : Xn → X (n ∈ N) satisfying
ιn(xn)→ ι∞(x∞) ∈ X∞, and
ˆ
X
f d(ιn#mn)→
ˆ
X
f d(ι∞#m∞), (2.4)
for any bounded continuous function f : X → R with bounded support.
Remark 2.3 We give two remarks for Definition 2.2.
(i) The pmG convergence is weaker than the pointed measured Gromov-Hausdorff (pmGH)
convergence ([19, Theorem 3.30, Example 3.31]). If {Xn}n∈N satisfies a uniform dou-
bling condition, then pmG and pmGH coincide [19, Theorem 3.33].
(ii) The pmG convergence is metrizable by a distance pGW on the collection X of all iso-
morphism classes of p.m.m. spaces ([19, Definition 3.13]). The space (X, pGW ) is a
complete and separable metric space ([19, Theorem 3.17]).
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2.3 Lp(m)-normed Module
In this subsection, we recall the notion of Lp-normed module by following [17, §1.2].
Definition 2.4 ([17]) (L∞(m)-premodule) An L∞(m)-premodule is a Banach space (M, ‖·
‖M) equipped with a bilinear map L∞(m)×M ∋ (f, v) 7→ f · v ∈ M satisfying
(fg) · v = f · (g · v), 1 · v = v, ‖f · v‖M ≤ ‖f‖L∞(m)‖v‖M,
for any v ∈ M and f, g ∈ L∞(m), whereby 1 := 1X ∈ L∞(m).
Definition 2.5 ([17]) (L∞(m)-module/Hilbert Module) An L∞(m)-module is an L∞(m)-
premodule M satisfying the following two conditions:
(i) (Locality) For any v ∈M, An ∈ B(X) and n ∈ N,
1An · v = 0, ∀n ∈ N implies 1∪n∈NAn · v = 0.
(ii) (Gluing) For any sequence {vn}n∈N ⊂M and {An}n∈N ⊂ B(X) so that
1Ai∩Aj · vi = 1Ai∩Aj · vj, ∀i, j ∈ N, and lim sup
n→∞
‖
n∑
i=1
1Ai · vi‖M <∞,
there exists v ∈ M so that
1Ai · v = 1Ai · vi, ∀i ∈ N, and ‖v‖M ≤ lim infn→∞ ‖
n∑
i=1
1Ai · vi‖M.
If furthermore (M, ‖ · ‖M) is a Hilbert space, then M is called Hilbert module.
Example 2.6 One of the typical examples for L∞(m)-modules is M = Lp(X,m) with the
norm ‖ · ‖M := ‖ · ‖Lp(m) for p ∈ [1,∞]. If the underlying space (X, d,m) is a Riemannian
manifold, then an Lp(X,m)-vector field for p ∈ [1,∞] is also an L∞(m)-module.
For two given L∞(m)-modules, M1,M2, a map T : M1 → M2 is called a module
morphism provided that it is a bounded linear map from M1 to M2 as a map between
Banach spaces and satisfies
T (f · v) = f · T (v), ∀v ∈ M1, f ∈ L
∞(m). (2.5)
The set of all module morphisms is denoted byHom(M1,M2). It is known thatHom(M1,M2)
has a canonical L∞(m)-module structure.
Definition 2.7 ([17]) (Dual Module) For an L∞(m)-module M, the dual module M∗ is
defined as Hom(M, L1(m)).
Definition 2.8 ([17]) (Lp(m)-normed module) Let p ∈ [1,∞]. An Lp(m)-normed mod-
ule is an L∞(m)-module M endowed with a map | · | :M→ Lp(m) with non-negative values
so that
‖|v|‖Lp(m) = ‖v‖M, |f · v| = |f ||v|, m-a.e,
for every v ∈ M and f ∈ L∞(m). The map | · | is called point-wise norm.
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2.4 Tangent Module
In this subsection, following [17, §2], we recall the tangent module L2(TX) on (X, d,m),
which is an L2(m)-normed module in the sense of Definition 2.8 and a generalized notion of
the space of L2-sections of the tangent bundle on smooth manifolds.
We recall the set Pre-cotangent module Pcm, which is defined as follows:
Definition 2.9 ([17]) (Pre-cotangent module) The set Pcm defined as follows is called
Pre-cotangent module:
Pcm :=
{
{(fi, Ai)}i∈N :{Ai}i∈N ⊂ B(X) is a partition of X
fi ∈ S
2(X),∀i ∈ N, and
∑
i∈N
ˆ
Ai
|∇f |2dm <∞
}
.
An equivalence relation between two elements in Pcm {(fi, Ai)}i∈N ∼ {(gj , Bj)}j∈N is defined
as follows:
|∇(fi − gj)| = 0, m-a.e. on Ai ∩Bj , ∀i, j ∈ N.
A vector space structure can be endowed with the quotient space Pcm/ ∼ by defining the
sum and the scalar multiplication as follows: for any λ ∈ R,
[(fi, Ai)i] + [(gj , Bj)j] := [(fi + gj, Ai ∩Bj)i,j], λ[(fi, Ai)i] := [(λfi, Ai)i].
The product operation · : Sf(m) × Pcm/ ∼→ Pcm/ ∼ can be defined by the following
manner. Let Sf(m) ⊂ L∞(m) denote the set of all simple functions f , which means that f
attains only a finite set of values. Given [(fi, Ai)i] ∈ Pmc/ ∼ and h =
∑
j aj1Bj ∈ Sf(m)
with {Bj}j∈N a partition of X, the product h · [(fi, Ai)i] is defined as follows:
h · [(fi, Ai)i] := [(ajfi, Ai ∩Bj)i,j].
We now recall the point-wise norm | · |∗ (we use the notation | · |∗ as a point-wise norm
for the sake of consistency with the definition of tangent modules given later): Define | · |∗
on Pcm/ ∼→ L2(X,m) by∣∣[(fi, Ai)i]∣∣∗ := |∇fi|, m-a.e. on Ai for all i ∈ N.
Then the map ‖ · ‖L2(T ∗X) : Pcm/ ∼→ [0,∞) is defined as follows:
‖[(fi, Ai)i]‖
2
L2(T ∗X) :=
ˆ ∣∣[(fi, Ai)i]∣∣2∗dm =∑
i∈N
ˆ
Ai
|∇fi|
2dm.
Then ‖ · ‖L2(T ∗X) is a norm on Pcm/ ∼ .
Definition 2.10 ([17]) (Cotangent Module) The cotangent module (L2(T ∗X), ‖·‖L2(T ∗X))
is defined as the completion of (Pcm/ ∼, ‖ · ‖L2(T ∗X)).
It can be checked that the cotangent module (L2(T ∗X), ‖ ·‖L2(T ∗X)) is an L2-normed module
with the product · (which can be extended to the map · : L∞(m) × L2(T ∗X) → L2(T ∗X)),
and the point-wise norm | · |∗ (see [17, §2.2] for more details).
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Definition 2.11 ([17]) (Tangent Module) The tangent module (L2(TX), ‖ · ‖L2(TX)) is
defined as the dual module of (L2(T ∗X), ‖ · ‖L2(T ∗X)). The point-wise norm associated with
the dual of | · |∗ is written as | · |.
Under the condition (IH), the tangent module (L2(TX), ‖ · ‖L2(TX)) is a Hilbert module and
the point-wise norm | · | satisfies the parallelogram identity. Therefore, we can define the
point-wise inner product 〈·, ·〉.
Now we recall the notions of differential and gradient for a function in Sobolev class.
Definition 2.12 ([17]) (Differential) Let f ∈ S2(X). The differential df ∈ L2(T ∗X) is
defined as
df := [(f,X)] ∈ Pcm/ ∼⊂ L2(T ∗X).
Here [(f,X)] means [(fi, Ai)i∈N] for f0 = f , A0 = X and Ai = ∅ for i ≥ 1.
By definition, we have |df |∗ = |∇f |. The notion of gradient of a Sobolev function is defined
through duality with the notion of the differential.
Definition 2.13 ([17]) (Gradient) Let f ∈ S2(X). We say that X ∈ L2(TX) is a gradient
of f if
df(X) = |X|2 = |df |2∗.
The set of all gradients of f is denoted by Grad(f).
Under condition (IH), the set Grad(f) has a unique element, which is denoted by ∇f . In
this case, the gradient ∇f satisfies the following linearity ([17, Proposition 2.3.17]):
∇(f + g) = ∇f +∇g, m-a.e., f, g ∈ S2(X).
Let (X, d,m) satisfy (IH) and 〈·, ·〉 : L2(TX) → L1(X,m) be the point-wise inner product,
which is induced by the structure of L2-normed module with the point-wise norm | · | in
L2(TX). Under condition (IH), 〈∇f,∇g〉 can be identified in the m-a.e. sense with the same
expression defined in (2.3) in Subsection 2.1.
2.5 Derivation
In this subsection, we briefly explain derivations on metric measure spaces by following [8,
§3].
Definition 2.14 ([8]) (Derivation) A linear functional b : Lipbs(X) → L
0(m) is said to
be a derivation if there exists h ∈ L0(m) so that
|b(f)| ≤ h|∇f |, m-a.e. in X, for all f ∈ Lipbs(X).
The m-a.e. smallest function h satisfying the above inequality is denoted by |b|. The space of
all derivations is denoted by Der(X, d,m). We denote by Derp(X, d,m) (resp. Derploc(X, d,m))
the space of derivations b so that |b| ∈ Lp(m) (resp. Lploc(m)).
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Derivation operators satisfy the local property: for any f, g ∈ Lipbs(X),
|b(f − g)| ≤ h|∇(f − g)| = 0, m-a.e. on {f = g}.
By the local property, the chain rule holds
b(φ(f)) = (φ′ ◦ f)b(f), φ ∈ Lip(R), m-a.e.,
and the Leibniz rule also holds:
b(fg) = b(f)g + fb(g), m-a.e..
See [17, §2.2, 2.3] and [8, §3] for more details.
Remark 2.15 (Der2(X, d,m) and L2(TX)) The space Der2(X, d,m) is an L2(m)-normed
module with the map b→ |b|. IfW 1,2(X, d,m) is reflexive as a Banach space, then Der2(X, d,m)
can be canonically and isometrically identified with the tangent module L2(TX) recalled in
Definition 2.11. See [8, Remark 3.5] for more details.
Now we recall the notion of divergence of derivations.
Definition 2.16 ([8]) (Divergence) A derivation b ∈ Der1loc(X, d,m) has divergence in
L1loc(X,m) if there exists g ∈ L
1
loc(X,m) so that
−
ˆ
X
b(f)dm =
ˆ
X
fgdm, ∀f ∈ Lipbs(X).
Such a g is uniquely determined if it exists, and we denote it by divb. The existence of such
g is not necessarily true for general b but when we write divb, we implicitly assume the
existence of such g. Let Divploc(X, d,m) := {b ∈ Der
p
loc(X, d,m) : divb ∈ L
p
loc(X, d,m)} and
Divp(X, d,m) := {b ∈ Derploc(X, d,m) : divb ∈ L
p(X, d,m)}.
By using the Leibniz rule, we have
ˆ
X
b(f)φdm = −
ˆ
X
b(φ)fdm−
ˆ
X
fφdivbdm, ∀f, φ ∈ Lipbs(X). (2.6)
2.6 Dirichlet Forms
In this subsection, following [27], we recall basic notions concerning Dirichlet forms.
Let F ⊂ L2(X,m) be a dense linear subspace and E be a bilinear form on F . We write
Eα(f, g) := E(f, g) + α(f, g)L2(X,m) and Eα(f) := Eα(f, f) = E(f, f) + α‖f‖
2
2 for α ∈ [0,∞)
in short. The symmetric part of E is defined by E˜(f, g) = (1/2)(E(f, g) + E(g, f)) and the
anti-symmetric part of E by Eˇ(f, g) = (1/2)(E(f, g) − E(g, f)). The bilinear form (E ,F) is a
coercive closed form if the following three conditions hold:
(E .1) E is non-negatively definite: E(f) ≥ 0 for all f ∈ F .
(E .2) E satisfies the weak sector condition: there exists a constant C ≥ 1 so that
|E1(f, g)| ≤ CE1(f)E1(g), ∀f, g ∈ F .
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(E .3) F is a Hilbert space with respect to the symmetric part E˜
1/2
1 .
Let D ⊂ L2(X,m) be a dense linear subspace. A bilinear form (E ,D) satisfying (E .1) and
(E .2) is closable if, for any E-Cauchy sequence fn ∈ D with limn→∞ ‖fn‖L2(m) = 0, it holds
that limn→∞ E(fn) = 0. We say that (E ,F) is symmetric if E(f, g) = E(g, f) for all f, g ∈ F .
The dual form Eˆ is defined to be Eˆ(f, g) = E(g, f) for f, g ∈ F .
If (E ,F) is a coercive closed form, then there exist the corresponding semigroups {Tt}t≥0
and {Tˆt}t≥0 on L2(X,m) so that (Ttf, g) = (g, Tˆtf) for any t ≥ 0 and f, g ∈ L2(X,m), and
the corresponding resolvents Gα and Gˆα, which are defined as Gαf =
´∞
0 e
−αtTtfdt and
Gˆαf =
´∞
0 e
−αtTˆtfdt, satisfy
Eα(Gαf, g) = (f, g) = Eα(g, Gˆαf), ∀f ∈ L
2(X,m), g ∈ F , α > 0.
Concerning the Markovian property, the following statements are known to be equivalent
(e.g., [29, Theorem 1.1.5.]):
(E .4) For all f ∈ F , it holds that
f+ ∧ 1 ∈ F , E(u+ u+ ∧ 1, u− u+ ∧ 1) ≥ 0, E(u− u+ ∧ 1, u+ u+ ∧ 1) ≥ 0. (2.7)
Here u+ := u ∨ 0.
(M) {Tt}t≥0 and {Tˆt}t≥0 are Markovian: If f ∈ L2(X,m) satisfies 0 ≤ f ≤ 1 m-a.e., then
0 ≤ Ttf ≤ 1 and 0 ≤ Tˆtf ≤ 1 m-a.e..
A bilinear form (E ,F) is called Dirichlet form if (E .1)–(E .4) hold.
Now we recall the property of regularity/quasi-regularity for Dirichlet forms, which is
a sufficient condition for the existence of Hunt processes/m-tight special standard processes
and their dual processes (see [27, Theorem 3.5 Chapter IV]) corresponding to Dirichlet forms.
An increasing sequence {En}n∈N of closed subsets of X is called E-nest if⋃
n∈N
F|En is dense in F with respect to E˜
1/2
1 .
Here we mean that F|A := {u ∈ F : u = 0 m-a.e. on A
c}. A subset N ⊂ X is called
E-exceptional if
N ⊂
⋂
n∈N
Ecn for some E-nest {En}n∈N.
We say that a property of points in X holds E-quasi-everywhere (E-q.e.) if the property holds
outside some E-exceptional set. A function f E-q.e. defined on X is called E-quasi-continuous
if there exists an E-nest {En}n∈N so that f ∈ C({En}) whereby
C({En}) := {f : A→ R :
⋃
n∈N
En ⊂ A ⊂ X, f |En is continous ∀n ∈ N}.
A Dirichlet form (E ,F) on L2(X,m) is called quasi-regular if the following three conditions
hold:
(i) There exists an E-nest {En}n∈N consisting of compact sets.
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(ii) There exists an E˜
1/2
1 -dense subset of F whose elements have E-quasi-continuous m-
versions.
(iii) There exist un ∈ F for n ∈ N having E-quasi-continuous m-versions u˜n and an E-
exceptional set N ⊂ X so that {u˜n}n∈N separates points of X \N .
Let (X, d) be a locally compact separable metric space with a Radon measure m. A Dirichlet
form (E ,F) on L2(X,m) is called regular with a core C1 if C1 ⊂ C0(X) ∩ F is dense both in
C0(X) with the uniform norm ‖ · ‖∞ and in F with E˜
1/2
1 , respectively. We note that (E ,F)
is quasi-regular if it is regular ([27, Chapter IV Section 4 a)].
Let {Tt}t≥0 be the semigroup corresponding to (E ,F). An important fact ([27, Theorem
3.5 Chapter IV]) is that if a Dirichlet form (E ,F) is quasi-regular, then there exists anm-tight
special standard process (Ω,M, {Mt}t≥0, {St}t≥0, {Px}x∈X) ([27, Definition 1.13 in Chapter
IV]) so that, for all t ≥ 0 and f ∈ Bb(X) ∩ L
2(X,m),
Ttf(x) = E
x(f(St)), E-q.e. x.
Here Ex(f(St)) :=
´
Ω f(St(ω))P
x(dω).
We adjoin an extra point ∂ (the cemetery point) to X as an isolated point to obtain a
Hausdorff topological spaceX∂ with Borel σ-algebra B(X∂) = B(X)∪{B∪{∂} : B ∈ B(X)}.
Any function f : X → R can be considered as a function from X∂ by defining f(∂) = 0. If X
is locally compact, we consider the one-point compactification (Alexandroff compactification)
for X∂ . We say that a stochastic process (Ω,M, {Mt}t≥0, {St}t≥0, {Px}x∈X) has a lifetime
ζ if
(i) St : Ω→ X∂ is M/B(X∂)-measurable;
(ii) ζ : Ω→ [0,∞] is M-measurable;
(iii) for any ω ∈ Ω, St(ω) ∈ X whenever t < ζ(ω) and St = ∂ for all t ≥ ζ(ω).
We say that (E ,F) is local if E(f, g) = 0 whenever f, g ∈ F with supp[f ] ∩ supp[g] = ∅. We
say that (E ,F) is strongly local if for any f, g ∈ F , the following holds: if g is constant on a
neighbourhood of supp[f ], then E(f, g) = 0. If a quasi-regular Dirichlet form (E ,F) is local,
then the corresponding processes have continuous paths on [0, ζ) Px-almost surely for E-q.e.
x ∈ X (see [27, Theorem 1.11]).
2.7 RCD Spaces
In this subsection, we recall RCD(K,∞)/RCD∗(K,N) spaces. Recall that Ch denotes the
Cheeger energy and the property of infinitesimal Hilbertianity (IH) was defined in (2.2).
Under (IH), Ch becomes a strongly local symmetric Dirichlet form ([3, 4]). By the third
paragraph in Subsection 2.6, there exists the corresponding semigroup {Ht}t≥0 (called heat
semigroup) and the infinitesimal generator ∆. Let us consider the following condition:
Every function f ∈W 1,2(X, d,m) with |∇f | ≤ 1 m-a.e., admits a continuous
1-Lipschitz representative f˜ . (2.8)
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We recall gradient estimates of the heat semigroups: for every f ∈W 1,2(X, d,m) with |∇f | ≤
1 m-a.e., and every t > 0, we have
Htf ∈ Lipb(X), |∇Htf |
2 ≤ e−2KtHt(|∇f |2), m-a.e. in X. (2.9)
The gradient estimate with dimensional upper bounds is as follows:
Htf ∈ Lipb(X), |∇Htf |
2 +
4Kt2
N(e2Kt − 1)
|∆Htf |
2 ≤ e−2KtHt(|∇f |2), m-a.e. in X.
(2.10)
According to a sequence of results [2, 3, 11], RCD(K,∞)/RCD∗(K,N) conditions can be
identified with (2.9)/(2.10) if we assume (1.1), (1.2), (IH) and (2.8).
A metric measure space (X, d,m) is called an RCD(K,∞) (resp. RCD∗(K,N)) space if
(2.9) (resp. (2.10)) holds under the assumptions (1.1), (1.2), (IH) and (2.8).
Remark 2.17 Note that RCD(K,∞)/RCD∗(K,N) conditions have been originally defined
in terms of K-convexity of the relative entropy in the L2-Wasserstein space with condition
(IH) ([1, 3, 11])).
The class of RCD spaces contains various (finite- and infinite-dimensional) singular spaces
such as Ricci limit spaces (Sturm [33, 34], Lott–Villani [26]), Alexandrov spaces (Petrunin,
Zhang–Zhu [30, 43]), warped products and cones (Ketterer [23, 24]), quotient spaces (Galaz-
Garc´ıa–Kell–Mondino–Sosa [16]) and infinite-dimensional spaces such as Hilbert spaces with
log-concave measures (Ambrosio–Savare´–Zambotti [7]) (related to various stochastic partial
differential equations). See these references for concrete examples.
An important property of RCD(K,∞)/RCD∗(K,N) spaces is their stability under the
pmG convergence.
Theorem 2.18 ([1, 4, 11, 19, 33, 34]) (Stability of the RCD(K,∞)/RCD∗(K,N))
Let Xn be an RCD(K,∞)/RCD
∗(K,N) space for n ∈ N. If Xn converges to X∞ in the pmG
sense, then the limit space X∞ also satisfies the RCD(K,∞)/RCD∗(K,N) condition.
3 Construction of Non-Symmetric Dirichlet Forms
In this section, we construct a non-symmetric Dirichlet form consisting of a uniformly elliptic
operator, derivations and a killing term. Let us consider the following bilinear form E :
Lipbs(X)× Lipbs(X)→ R:
E(f, g) :=
1
2
ˆ
X
〈A∇f,∇g〉dm+
ˆ
X
b1(f)gdm+
ˆ
X
fb2(g)dm +
ˆ
X
fgcdm.
We write
´
X〈A∇f,∇g〉dm = 2ChA(f, g) in short. Recall that L
2(TX) denotes the tangent
module as in Definition 2.11. Let A : L2(TX)→ L2(TX) denote a (not necessarily L2(TM)-
symmetric) module morphism satisfying that there exists H ∈ L1loc(X,m) so that |AY | ≤
H|Y | for any Y ∈ L2(TX). We write |A| for the minimal element among such H. Let
A˜ := 1/2(A + A∗) and Aˇ := 1/2(A − A∗) where A∗ is the L2(TX)-adjoint operator of A.
Suppose the following conditions:
14
Non-Symmetric Diffusions on RCD Spaces KOHEI SUZUKI
Assumption 3.1 Let (X, d,m) be a metric measure space with (1.1), (1.2) and (IH). Sup-
pose that
(i) |Aˇ| ∈ L∞(X,m) and there exists a constant λ > 0 so that for any f ∈ Lipbs(X),
〈A∇f,∇f〉 ≥ λ〈∇f,∇f〉, m-a.e.; (3.1)
(ii) |b1 + b2|, c ∈ L
∞
loc(X,m), |b1 − b2| ∈ L
∞(X,m);
(iii) for any non-negative f ∈ Lipbs(X), i = 1, 2,ˆ
X
(bi(f) + cf)dm ≥ 0. (3.2)
Then we can show the following proposition.
Proposition 3.2 Suppose Assumption 3.1.
(a) If (X, d,m) is an RCD∗(K,N) space, then the form (1.3) is closable and the closed form
(E ,F) is a regular local Dirichlet form.
(b) Let (X, d,m) be an RCD(K,∞) space with m(X) <∞. If |A|, |b1|, |b2|, c ∈ L∞(X,m),
then the form (1.3) is closable and the closed form (E ,F) is a quasi-regular local Dirich-
let form.
Proof of Proposition 3.2. Non-negativity (E .1): By |A| ∈ L1loc(X,m), the integrand
〈A∇f,∇g〉 for f, g ∈ Lipbs(X) is m-integrable. For f ∈ Lipbs(X), by Leibniz formula of
bi, (3.1) and (3.2), we have
E(f) = ChA(f) +
ˆ
X
(
b1(f
2) + b2(f
2) + 2f2c
)
dm ≥ λCh(f) ≥ 0. (3.3)
Closability: Let {fn}n∈N ⊂ Lipbs(X) be an E-Cauchy sequence so that ‖fn‖2 → 0. Since
Ch is closable by [3, 4], we have Ch(fn) → 0, which implies that there exists a subsequence
fn′ so that |∇fn′ | converges to zero m-a.e.. By |A∇fn| ≤ |A||∇fn|, we have that |A∇fn′ | → 0
m-a.e. Noting that ChA(f) ≤ 2E(f) by (3.3), and by using Fatou’s lemma, we have
2ChA(fn) =
ˆ
X
lim
n′→∞
〈
A(∇fn −∇fn′),∇fn −∇fn′
〉
dm
≤ lim inf
n′→∞
ˆ
X
〈
A∇(fn − fn′),∇(fn − fn′)
〉
dm ≤ lim inf
n′→∞
E(fn − fn′).
Since {fn}n∈N is an E-Cauchy sequence, the R.H.S. above can be arbitrarily close to zero as
n is sufficiently large. Thus, ChA(fn) → 0 as n → ∞. We next show the closability of the
remaining part of E . By replacing fn to fnh for any h ∈ Lipbs(X) with h ≥ 0, we may assume
that supp(fn) ⊂ K ⊂ X for some bounded open set K. Noting that bi(fn) ≤ |bi||∇fn| for
i = 1, 2 and Ch(fn)→ 0 by the closability of Ch, we have∣∣∣ˆ
X
b1(fn)fndm+
ˆ
X
fnb2(fn)dm+
ˆ
X
f2ncdm
∣∣∣
≤
∥∥|b1 + b2|fn1K∥∥1/22 Ch(fn)1/2 + ‖c1Kf2n‖1
≤
∥∥|b1 + b2|1K∥∥1/2∞ ‖fn‖1/22 Ch(fn)1/2 + ‖c1K‖∞‖fn‖2
→ 0 (n→∞).
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Thus, we have E(fn)→ 0 and we have proved the closability of E .
Weak sector condition (E .2): It suffices to show that there exists a constant C > 0 so
that Eˇ(f, g) ≤ CE1(f)E1(g), whereby Eˇ(f, g) = 1/2(E(f, g)−E(g, f)) (see [27, Chapter I, §2]).
Then
2Eˇ(f, g) =
ˆ
X
(1
2
〈Aˇ∇f,∇g〉+ b1(f)g − b2(f)g − fb1(g) + fb2(g)
)
dm
≤
1
2
∥∥|Aˇ|∥∥∞‖∇f‖2‖∇g‖2 + ‖b1(f)− b2(f)‖2‖g‖2 + ‖b2(g)− b1(g)‖2‖f‖2
≤
1
2
∥∥|Aˇ|∥∥∞‖∇f‖2‖∇g‖2 + ∥∥|b1 − b2||∇f |∥∥2‖g‖2 + ∥∥|b1 − b2||∇g|∥∥2‖f‖2. (3.4)
Since |b1 − b2| ∈ L
∞(X;m) and 2Ch(f) = ‖∇f‖22 ≤ (2/λ)E(f) by (3.3), we have
1
2
∥∥|Aˇ|∥∥∞‖∇f‖2‖∇g‖2 + ∥∥|b1 − b2||∇f |∥∥2‖g‖2 + ∥∥|b1 − b2||∇g|∥∥2‖f‖2
≤
1
λ
∥∥|Aˇ|∥∥∞E1/21 (f)E1/21 (g) +
√
2
λ
‖(b1 − b2)‖∞E
1/2
1 (f)E
1/2
1 (g)
+
√
2
λ
‖(b1 − b2)‖∞E
1/2
1 (g)E
1/2
1 (f)
≤ CE
1/2
1 (f)E
1/2
1 (g).
We finished to prove that E satisfies the weak sector condition.
Markov Property (E .4): Let φε : R → [−ε, 1 + ε] be an infinitely differentiable function
so that 0 ≤ φε(t)− φε(s) ≤ t− s for all t, s ∈ R with t ≥ s and
φε(t) =

t for t ∈ [0, 1],
1 + ε for t ∈ [1 + 2ε,∞),
−ε for t ∈ (−∞,−2ε].
By [27, Proposition 4.7, 4.10 in Chapter I], it suffices to show that for all f ∈ Lipbs(X) and
ε > 0, it holds that φε(f) ∈ F and
lim inf
ε→0
E(φε(f), f − φε(f)) ≥ 0, lim inf
ε→0
E(f − φε(f), φε(f)) ≥ 0. (3.5)
It is clear that φε(f) ∈ Lipbs(X) ⊂ F . We only show the L.H.S. side of (3.5) (the proof of the
R.H.S. is similar). The diffusion part ChA clearly satisfies (3.5) by the chain rule, 0 ≤ φ
′
ε ≤ 1,
(2.5) and (3.3). In fact,
ˆ
X
〈
A∇φε(f),∇
(
f − φε(f)
)〉
dm =
ˆ
φ′ε(f)(1− φ
′
ε(f))〈A∇f,∇f〉dm ≥ 0.
For the remaining part, we have
ˆ
X
b1(f − φε(f))(φε(f))dm+
ˆ
X
(f − φε(f))b2(φε(f))dm+
ˆ
X
(f − φε(f))(φε(f))cdm
=
ˆ
X
(
b1
(
φε(f)(f − φε(f))
)
− φε(f)(f − φε(f))c
)
dm+
ˆ
X
φ′ε(f − φε(f))(b1 − b2)(f)dm.
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The first term in the second line above is non-negative since (3.2) and (f − φε(f))φε(f) ≥ 0.
The second term converges to zero since
φ′ε(f)(f − φε(f)) ≤ (1[−2ε,1+2ε](f))(f − φε(f))→ 0 ε ↓ 0.
Thus, we finished to prove the Markovian property (E .4).
In the case of RCD∗(K,N) spaces, the underlying space X is locally compact by the local
volume doubling property according to the Bishop–Gromov inequality [11, Proposition 3.6]
(see also [34, Corollary 2.4]). Therefore, (E ,F) is regular since Lipbs(X) is dense in both in
C0(X) with ‖ · ‖∞ and F with E˜
1/2
1 . In the case of RCD(K,∞) spaces, X is generally not
locally compact and therefore we need to show that there exists an E-nest of compact sets
{Ek}k∈N, which is called tightness of capacity.
Tightness of Capacity: We show that there exists an E-nest of compact sets {Ek}k∈N, i.e., an
increasing sequence of compact sets Ek ⊂ Ek+1 so that CapE(X \Ek)→ 0. Let {xk}k∈N ⊂ X
be a countable dense subset. Define
wn(x) := min{1, min
1≤k≤n
d(xk, x)}.
We see that 0 ≤ wn ≤ 1 and wn ↓ 0 as n → ∞. Thus, wn → 0 in L
2(m). By the definition
of Ch, it is easy to see that 2Ch(wn) ≤ Lip(wn) ≤ 1. Noting |∇wn| ≤ 1, we have that
E(wn) = ChA(wn) +
ˆ
X
(b1(wn)wn)dm+
ˆ
X
(wnb2(wn))dm+
ˆ
X
w2ncdm
≤
∥∥|A|∥∥∞
2
+ ‖|b1 + b2|‖∞‖∇wn‖2‖wn‖2 + ‖c‖∞‖wn‖22
≤
∥∥|A|∥∥∞
2
+ ‖|b1 + b2|‖∞ + ‖c‖∞. (3.6)
Therefore, wn is a uniformly bounded sequence in F with respect to E˜1 where E˜1(f, g) :=
1/2(E1(f, g) + E1(f, g)). Thus, wn → 0 weakly in F with respect to E˜1 by [27, Lemma 2.12
in Chapter I]. By the Banach-Saks theorem, there exists a subsequence {n(i)}i so that the
Cesaro means
vl =
1
l
l∑
i=1
wn(i)
converges in F , thus in (L2(X,m), ‖ · ‖2). By [27, Proposition III. 3.5], we have that there
exists a subsequence {vi(j)}j so that vi(j) → 0 quasi-uniformly, i.e., for any k there exists
a closed set Gk ⊂ X so that CapE(X \ Gk) ≤ 1/k and vi(j) → 0 uniformly on Gk. Since
wn(i(j)) ≤ vi(j), setting Fk = ∩i≤kGi, we have that wn(i(j)) → 0 uniformly on Fk for all k and
CapE(X \ Fk) ≤ 1/k. Let ε > 0 and n be an integer so that wn < ε, and the definition of wn
implies
Fk ⊂
n⋃
k=1
B(xk, ε).
Since ε is arbitrarily small, we have that Fk is totally bounded and thus compact. The other
conditions for quasi-regularity in [27, (ii) and (iii) in Definition 3.1 in Chapter IV] are easy
to check since Lipbs(X) separates points and is dense in F with respect to E˜
1/2
1 .
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The local property is obvious according to the locality of Ch and derivations bi for i = 1, 2.
Thus, we have finished the proof of Proposition 3.2.
Remark 3.3 Construction of non-symmetric diffusion on metric measure spaces (including
RCD spaces) has been already considered in Fitzsimmons [14] and Trevisan [40] with different
approaches and different scopes.
(i) In the former paper, the Girsanov transform was used to produce drift perturbations
from symmetric diffusions.
(ii) In the latter paper, the martingale problem was developed to construct diffusion pro-
cesses in this generality.
An advantage of the Dirichlet form approach adopted in this paper is to make the issue of
convergence simpler. This is mainly because the domains of Dirichlet forms corresponding to
(1.3) has the common core Lipbs(X), which is useful especially to show tightness of diffusion
processes in Section 5.
4 Convergence of Non-symmetric Forms
In this section, we show the convergence of non-symmetric forms. We first modify the defi-
nition in [21] for varying metric measure spaces and prove this modified convergence under
Assumption 1.1. We recall the definition of the Lp-convergence on varying metric measure
spaces in the sense of pmG following [19].
Definition 4.1 (See [19, Definition 6.1]) Let (Xn, dn,mn, xn) be a sequence of p.m.m for
n ∈ N. spaces. Assume that (Xn, dn,mn, xn) converges to (X∞, d∞,m∞, x∞) in the pmG
sense. Let (X, d) be a complete separable metric space and ιn : supp[mn]→ X be isometries
as in Definition 2.2. We identify (Xn, dn,mn) with (ιn(Xn), d, ιn#mn) and omit ιn.
(i) We say that fn ∈ L
2(X,mn) converges weakly to f∞ ∈ L2(X,m∞) if the following hold:
sup
n∈N
ˆ
|fn|
2 dmn <∞ and
ˆ
φfn dmn →
ˆ
φf∞ dm∞ ∀φ ∈ Cbs(X).
(ii) We say that fn ∈ L
2(X,mn) converges strongly to f∞ ∈ L2(X,m∞) if fn converges
weakly to f∞ and the following holds:
lim sup
n→∞
ˆ
|fn|
2 dmn ≤
ˆ
|f∞|2 dm∞.
Now we introduce a modified definition of the convergence of non-symmetric forms in
[21] for varying metric measure spaces in the sense of the pmG. The modified point is just
to replace the usual L2-convergence with the L2-convergence in Definition 4.1. Let Xn =
(Xn, dn,mn, xn) be a sequence of p.m.m. spaces converging to a limit X∞ = (X∞, d∞,m∞, x∞)
in the pmG sense. Let (X, d) be a complete separable metric space and ιn : supp[mn] → X
be isometries as in Definition 2.2. Let (En,Fn) be a sequence of coercive forms on L
2(X;mn).
Let Φn(f) := sup{E
n
1 (g, f) : E˜
n
1 (g)
1/2 = 1} for f ∈ Fn, whereby E˜
n
1 denotes the symmetric
part of En1 .
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Definition 4.2 (See also [39, Definition 7.11]) We say that (En,Fn) converges to (E∞,F∞)
if the following two conditions hold:
(F1) If a sequence fn ∈ L
2(X,mn) converges weakly to f∞ ∈ L2(X,m∞) with lim infn→∞Φn(fn) <
∞, then it holds that
f∞ ∈ F∞.
(F2) For any sequence fn ∈ Fn converging weakly in L
2 to f∞ ∈ F∞, and any w∞ ∈ F∞,
there exists a sequence wn ∈ Fn converging strongly in L
2 to w∞ ∈ F∞ so that
lim
n→∞ En(fn, wn) = E∞(f∞, w∞).
Remark 4.3 In To¨lle [38, 39], he introduced a notion of a convergence of non-symmetric
forms whose basic Banach spaces vary. The difference of his approach and this paper is the
notion of the L2-convergence on varying metric measure spaces whereby in this paper we
follow [19]. If the Hilbert spaces {L2(X;mn)}n∈N have an asymptotic relation in [39], these
two notions of the L2-convergence are equivalent, so the following Theorem 4.4 corresponds
to [39, Theorem 7.15].
Verifying (F2) is not always easy and we introduce another condition:
(F2′) For any sequence {nk} ↑ ∞ and any sequence fk ∈ L2(X;mnk) weakly convergent in
L2 to f∞ ∈ F∞ with supk∈NΦnk(fk) < ∞, there exists a dense subset C ⊂ F∞ for the
topology with respect to E˜∞1 so that every w ∈ C has a sequence {wk} with wk ∈ Fnk
converging to w strongly in L2 with
lim inf
k→∞
Enk(wk, fk) ≤ E∞(w, f∞).
We also define (F1∗) by replacing Φn(fn) with E˜n1 (fn)
1/2 in (F1), and (F2′∗) by replacing
Φnk(fk) with E˜
nk
1 (fk)
1/2 in (F2′).
We now study the relation between the convergence of forms and L2-convergences of the
corresponding semigroups and resolvents. Let {T nt }t≥0 and {Gnα}α≥0 be the L2-contraction
semigroup and resolvent associated with En.
(R) For any sequence fn converging to f∞ strongly in L2, the resolvent Gnαfn converges to
G∞α f∞ strongly in L2 for any α > 0.
(S) For any sequence fn converging to f∞ strongly in L2, T nt fn converges to T∞t f∞ strongly
in L2. The convergence is uniform on any compact time interval [0, T ].
Theorem 4.4 The following statements hold:
(i) (F1)(F2) ⇐⇒ (F1)(F2′) ⇐⇒ (R) ⇐⇒ (S);
(ii) (F1∗)(F2′∗) =⇒ (R).
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Proof. The proof is just a modification of [21, Theorem 3.2, Corollary 3.3] for varying metric
measure spaces in the sense of the pmG so that the notion of L2-convergence is replaced by
Definition 4.1. So we omit the proof.
Hereafter in this section, we focus on the convergence of Dirichlet forms corresponding to
(1.3). To characterize the convergence of these forms in terms of convergences coefficients,
we introduce a convergence of An and recall a convergence of derivation operators b
n
i ([8]).
Let A ⊂ Lipb(X∞) denote the smallest algebra containing the following functions:
min{d(·, x), k}, k ∈ Q, x ∈ D ⊂ X∞, dense subset.
The algebra A becomes a vector space over Q. Let Abs be a subalgebra consisting of bounded
support functions. Let {H∞t }t≥0 be the heat semigroup associated with Cheeger energy Ch∞
(note that {H∞t }t≥0 is not the semigroup associated with the non-symmetric form E). Let
HQ+Abs := {H
∞
s f : f ∈ Abs, s ∈ Q+} ⊂ Lipb(X), whereby Lipb(X) denotes the set of
bounded Lipschitz functions on X. Recall that Derploc(X, d,m) and Der
p(X, d,m) be the
set of derivation operators b in (X, d,m) with |b| ∈ Lploc(X, d,m) and |b| ∈ L
p(X, d,m),
respectively.
Definition 4.5 ([8, Definition 4.3, 5.3]) Let (Xn, dn,mn, xn) converge to (X∞, d∞,m∞, x∞)
in the pmG sense. Let (X, d) be a complete separable metric space and ιn : supp[mn] → X
be isometries as in Definition 2.2.
(i) (Weak Convergence) We say that bn ∈ Der
1
loc(X, d,mn) converges weakly to b∞ ∈
Der1loc(X, d,m∞) in duality with HQ+Abs if, for all f ∈ HQ+Abs,
ˆ
X
bn(f)hdmn →
ˆ
X
b∞(f)hdm∞ ∀h ∈ Cbs(X).
(ii) (Strong Convergence) We say that bn ∈ Der
1
loc(X, d,mn) converges strongly to b∞ ∈
Der1loc(X, d,m∞) if, for all f ∈ HQ+Abs, the function bn(f) converges in measure to
b∞(f), i.e.,
ˆ
X
Φ(bn(f))hdmn →
ˆ
X
Φ(b∞(f))hdm∞ ∀h ∈ Cbs(X), ∀Φ ∈ Cb(R).
(iii) (Lp-strong Convergence) Let p ∈ [1,∞). We say that bn ∈ Der
p
loc(X, d,mn) converges
Lploc-strongly to b∞ ∈ Der
p
loc(X, d,m∞) if bn converges strongly to b∞ and for all
f ∈ HQ+Abs and R > 0,
lim sup
n→∞
ˆ
BR(xn)
|bn(f)|
pdmn ≤
ˆ
BR(x∞)
|b∞(f)|pdm∞.
Analogously we say that bn ∈ Der
p
loc(X, d,mn) converges L
p-strongly to b∞ ∈ Der
p
loc(X, d,m∞)
if, bn converges strongly to b∞ and, for all f ∈ HQ+Abs,
lim sup
n→∞
ˆ
X
|bn(f)|
pdmn ≤
ˆ
X
|b∞(f)|pdm∞.
20
Non-Symmetric Diffusions on RCD Spaces KOHEI SUZUKI
Now we recall the W 1,2-convergence of functions on varying metric measure spaces in the
sense of pmG.
Definition 4.6 ([5, Definition 5.2]) Let (Xn, dn,mn, xn) be a sequence of p.m.m. spaces.
Assume that (Xn, dn,mn, xn) converges to (X∞, d∞,m∞, x∞) in the pmG sense. Let (X, d)
be a complete separable metric space and ιn : supp[mn] → X be isometries as in Definition
2.2. We identify (Xn, dn,mn) with (ιn(Xn), d, ιn#mn) and omit ιn.
(i) We say that fn ∈ W
1,2(X,mn) converges weakly to f∞ ∈ W 1,2(X,m∞) in W 1,2 if fn →
f∞ weakly in L2 in the sense of Definition 4.1 and supn∈N Chn(fn) <∞;
(ii) We say that fn ∈ W
1,2(X,mn) converges strongly to f∞ ∈ W 1,2(X,m∞) in W 1,2 if fn
converges strongly to f∞ in L2 in the sense of Definition 4.1 and limn→∞ Chn(fn) =
Ch∞(f∞).
Now we introduce a convergence of An.
Definition 4.7 We say that An converges to A∞ if for any un → u∞ weakly in W 1,2 and
vn → v∞ strongly in W 1,2,
ˆ
X
〈∇un, An∇vn〉dmn →
ˆ
X
〈∇u∞, A∞∇v∞〉dm∞,ˆ
X
〈An∇un,∇vn〉dmn →
ˆ
X
〈A∞∇u∞,∇v∞〉dm∞.
Now we show the main theorem in this section.
Theorem 4.8 Under Assumption 1.1, (En,Fn) (resp. (Eˆn,Fn)) converges to (E∞,F∞) (resp.
(Eˆ∞,F∞)).
Proof. By Theorem 4.4, it suffices to show (F1∗) and (F2′∗).
(F1∗): Let un → u∞ weakly in L2 and we may assume lim infn→∞ En(un) < ∞. Since
(Chn,Fn) converges to (Ch∞,F∞) in the Mosco sense [19, Theorem 6.8], we have, by (3.3),
Ch∞(u∞) ≤ lim inf
n→∞ Chn(un) ≤
1
λ
lim inf
n→∞ E
n(un) <∞. (4.1)
This implies u∞ ∈W 1,2(m∞) by the definition of W 1,2(m∞).
(F2′∗): Let nk ↑ ∞ and uk → u∞ weakly in L2 with supk∈N Enk(uk) < ∞ and u∞ ∈
W 1,2(m∞). Then we have that uk → u∞ weakly in W 1,2 by definition. Let us take C =
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HQ+Abs. Take w ∈ C. By (2.6), we have
|Enk(uk, w) − E∞(u,w)|
=
∣∣∣ChnkA (uk, w)− Ch∞A (u∞, w)∣∣∣ + ∣∣∣ˆ
Xnk
bnk1 (uk)wdmnk −
ˆ
X∞
b∞1 (u∞)wdm∞
∣∣∣
+
∣∣∣ˆ
Xnk
ukb
nk
2 (w)dmnk −
ˆ
X∞
u∞b∞2 (w)dm∞
∣∣∣+ ∣∣∣ˆ
Xnk
ukwcnkdmnk −
ˆ
X∞
u∞wc∞dm∞
∣∣∣
=
∣∣∣ChnkA (uk, w)− Ch∞A (u∞, w)∣∣∣ + ∣∣∣ˆ
Xnk
ukb
nk
1 (w)dmnk −
ˆ
X∞
u∞b∞1 (w)dm∞
∣∣∣
+
∣∣∣ˆ
Xnk
ukwdivb
nk
1 dmnk −
ˆ
X∞
u∞wdivb∞1 dm∞
∣∣∣+ ∣∣∣ˆ
Xnk
ukb
nk
2 (w)dmnk −
ˆ
X∞
u∞b∞2 (w)dm∞
∣∣∣
+
∣∣∣ˆ
Xnk
ukwcnkdmnk −
ˆ
X∞
u∞wc∞dm∞
∣∣∣
:= (I)k + (II)k + (III)k + (IV)k + (V)k.
We first show (I)k → 0 as k →∞. By the convergence of An to A∞, we have∣∣∣ChnkA (uk, w)− Ch∞A (u∞, w)∣∣∣ = 12 ∣∣∣
ˆ
X
〈Ank∇uk,∇w〉dmnk −
ˆ
X
〈A∞∇u∞,∇w〉dm∞
∣∣∣ k→∞→ 0.
Next we show (II)k → 0 as k → ∞. Combining supn∈N |bni | < ∞ with L
2-convergence of
bni to b
∞
i , we have b
nk
2 → b
∞
2 strongly in L
2, especially we have bnk2 (w) → b
∞
2 (w) strongly
in L2 . Since uk → u∞ weakly in L2, we have that (II)k → 0. The quantity (IV)k → 0 in
the same proof. Since |divbni | is uniformly bounded in n and divb
nk
i → divb
∞
i in L
2, the
quantity (III)k → 0 also goes to zero. It is easy to check that (V)k → 0. The convergence of
the dual forms can be shown in the same manner.
5 Convergence of Finite-dimensional Distributions
In this section, we show the weak convergence of finite-dimensional distributions. Recall that
we identify ιn(Xn) with Xn and we omit ιn for simplifying the notation. We first show the
weak convergence of finite-dimensional distributions under the assumptions in Theorem 1.3
in the case that the initial distribution is the Dirac measure δxn .
Lemma 5.1 (Convergence of Finite-dimensional Distributions) Suppose the condi-
tions assumed in Theorem 1.3. Then, for any k ∈ N, 0 = t0 < t1 < t2 < · · · < tk < ∞ and
f1, f2, ..., fk ∈ Cb(X), the following holds:
Exn [f1(S
n
t1) · · · fk(S
n
tk
)]
n→∞
→ Ex∞ [f1(S
∞
t1 ) · · · fk(S
∞
tk
)]. (5.1)
For the dual process Sˆxn, the same statement holds.
Proof. We omit the proof for the dual process which is the same as that of Sxn. Let {Tt}t≥0 be
the semigroup associated with the Dirichlet form (E ,F) corresponding to (1.3). According to
the Gaussian heat kernel estimate [25, Theorem 5.4] (see also (6.19)), under the assumptions
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in Theorem 1.3, we can easily show that {T nt }t≥0 is a Feller semigroup, which implies the
uniqueness of the corresponding diffusions for every starting point. Therefore, we have the
following equality: for every f ∈ Cb(X) ∩ L
2(X;m∞),
Exn(f(S
n
t )) = T
n
t f(x), (5.2)
for every x ∈ Xn. By using the Markov property, for all n ∈ N, we have
Exnn [f1(S
n
t1) · · · fk(S
n
tk
)]
= T nt1−t0
(
f1T
n
t2−t1
(
f2 · · · T
n
tk−tk−1fk
))
(xn)
=: Pnk (xn).
By [25, Corollary 4.18], the action of the semigroup T nt f for f ∈ L
∞(mn) is a Ho¨lder contin-
uous function whose Ho¨lder constant and exponent are independent of n (depending only on
N,K,D, supn∈N ‖|An|‖∞, supn∈N ‖|bni |‖∞, supn∈N ‖cn‖∞).
For later arguments, we extend Pnk to the whole space X by the McShane extension ([28,
Corollary 1,2]) (note that Pnk is defined only on each Xn). The key point is to extend P
n
k
to the whole space X preserving its Ho¨lder regularity and bounds. Let P˜nk be the following
function on the whole space X:
P˜nk (x) :=
(
sup
a∈Xn
{Pnk (a)−Hd(a, x)
β} ∧ sup
a∈Xn
Pnk (a)
)
∨ inf
a∈Xn
Pnk (a) x ∈ X, (5.3)
whereby H and β are the Ho¨lder constant and exponent of the original function Pnk . Then
we have that P˜nk is a bounded Ho¨lder continuous function on the whole space X with the
same Ho¨lder constant H, exponent β, and the same bound ‖P˜nk ‖∞, and satisfies P˜
n
k = P
n
k
on Xn.
Coming back to the proof of Lemma 5.1, we have that∣∣∣Exnn [f1(Snt1) · · · fk(Sntk)]− Ex∞n [f1(S∞t1 ) · · · fk(S∞tk )]∣∣∣
= |Pnk (xn)−P
∞
k (x∞)|
≤ |Pnk (xn)− P˜
n
k (x∞)|+ |P˜
n
k (x∞)− P
∞
k (x∞)|
=: (I)n + (II)n. (5.4)
Thus, it suffices to show that (I)n and (II)n converge to zero as n goes to infinity. We first
show that (I)n converges to zero as n goes to infinity. By the McShane extension, we have
(I)n = |P
n
k (xn)− P˜
n
k (x∞)| = |P˜
n
k (xn)− P˜
n
k (x∞)|
≤ Hd(xn, x∞)β
→ 0 (n→∞).
Now we show that (II)n goes to zero as n tends to infinity. Since
‖T nt f‖∞ = ‖f‖∞‖
ˆ
Xn
pn(t, x, y)mn(dy)‖∞ ≤ ‖f‖∞,
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for any f ∈ Cb(Xn) ∩ L
2(X;m∞), we have
sup
n∈N
‖Pnk ‖∞ ≤
k∏
i=1
‖fi‖∞ <∞. (5.5)
Therefore, by the property of the McShane extension, we also have that
sup
n∈N
‖P˜nk ‖∞ <∞. (5.6)
By the uniform boundedness (5.6) and the equi-continuity of {P˜nk }n∈N, we can apply the
Ascoli–Arzela´ theorem to {P˜nk }n∈N so that {P˜
n
k }n∈N is relatively compact with respect to
the uniform convergence so that for any subsequence {P˜n
′
k }{n′}⊂{n}, there exists a further
subsequence {P˜n
′′
k }{n′′}⊂{n′} satisfying
P˜n
′′
k → F
′′ uniformly in X. (5.7)
On the other hand, we have that Pnk converges to P
∞
k L
2-strongly in the sense of Definition
4.1. We give a proof below.
Lemma 5.2 Pnk converges to P
∞
k in the L
2-strong sense in Definition 4.1.
Proof. By Theorem 4.4, 4.8, the statement is true for k = 1. Assume that the statement is
true when k = l. By noting
Pnl+1 = T
n
tl+1−tl(f
(n)
l+1P
n
l ),
by Theorem 4.4, 4.8 it suffices to show fl+1P
n
l → fl+1P
∞
l strongly in L
2. This is easy to
show because Pnl → P
∞
l strongly (the assumption of induction), fl+1 ∈ Cb(X) and P
n
l is
bounded uniformly in n because of (5.6). Thus, the statement is true for any k ∈ N.
Proof of Lemma 5.1 (Conclusion). By using Lemma 5.2 and the uniform convergence
(5.7), it is easy to see that
F ′′|X∞ = P
∞
k ,
whereby F ′′|X∞ means the restriction of F ′′ into X∞. The R.H.S. P∞k of the above equality
is clearly independent of choices of subsequences and thus, the limit F ′′|X∞ is independent
of choice of subsequences. Therefore, we conclude that
P˜nk → P
∞
k uniformly in X∞. (5.8)
Going back to showing that (II)n goes to zero, we have that
(II)n = |P˜nk (x∞)− P
∞
k (x∞)| ≤ ‖P˜nk − P
∞
k ‖∞,X∞
→ 0 (n→∞).
Here ‖ · ‖∞,X∞ means the uniform norm on X∞. Thus, we finish the proof of Lemma 5.1.
We now show the weak convergence of finite-dimensional distributions of Sn under As-
sumption 1.1 with initial distributions νn. Let us recall that ζSn and ζSˆn denote lifetimes for
Sn and Sˆn respectively. Let ζn := min{ζSn , ζSˆn}.
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Lemma 5.3 Under Assumption 1.1, for any k ∈ N, 0 = t0 < t1 < t2 < · · · < tk < ζ∞ < ∞
and f1, f2, ..., fk ∈ Cb(X), the following holds:
Eνn [f1(S
n
t1) · · · fk(S
n
tk
)]
n→∞
→ Eν∞[f1(S
∞
t1 ) · · · fk(S
∞
t∞)]. (5.9)
For the dual process Sˆ, the same statement holds.
Proof. We omit the proof for Sˆ since the proof is the same as the case of S. Since the
limit diffusion Sx∞∞ is conservative, it suffices to show the statement only for f1, f2, ..., fk ∈
Cb(X)∩L
2(X;m∞). In fact, for any ε > 0 and ζ∞ > T > 0, there exists R = R(ε, T ) so that
the open ball BR(x∞) satisfies
Pν∞(S∞t ∈ BR(x∞)
c) < ε ∀t ∈ [0, T ],
whereby Ac := X∞ \ A. By the strong L2-convergence of the semigroup {T nt }t≥0 following
from Theorem 4.8, we have that
lim
n→∞P
νn(Snt ∈ BR(x∞)
c) < ε ∀t ∈ [0, T ].
Therefore, for any f1, ..., fk ∈ Cb(X), for arbitrarily small δ > 0, we can take R > 0 so that
lim
n→∞E
νn(f1(S
n
t1) · · · fk(S
n
tk
))
= lim
n→∞E
νn
(
f1(S
n
t1) · · · fk(S
n
tk
) :
k⋂
j=1
{Sntj ∈ BR(x∞)}
)
+ lim
n→∞E
νn
(
f1(S
n
t1) · · · fk(S
n
tk
) :
( k⋂
j=1
{Sntj ∈ BR(x∞)}
)c)
= lim
n→∞E
νn
(
f11BR(S
n
t1) · · · fk1BR(S
n
tk
)
)
+ δ.
Here we mean that, for an event A ⊂ Ω, Ex(f(St) : A) :=
´
Ω∩A f(St(ω))P
x(dω). Thus, we
may show the proof only for f1, f2, ..., fk ∈ Cb(X) ∩ L
2(X;m∞). Since νn converges weakly
to ν∞ in P(X), for any ε > 0, there exists a compact set K ⊂ X so that
sup
n∈N
νn(K
c) < ε.
Thus, by (5.5), for any δ > 0, there exists a compact set K ⊂ X so that
sup
n∈N
∣∣∣ˆ
Xn
Pnk dm˜n −
ˆ
K
Pnk dνn
∣∣∣ = sup
n∈N
∣∣∣ˆ
Xn
Pnk (1Xn − 1K∩Xn)dνn
∣∣∣
≤ sup
n∈N
‖Pnk ‖
1/2
2,nνn(K
c)
≤
( k∏
i=1
‖fi‖2,n
)
sup
n∈N
νn(K
c) < δ. (5.10)
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We note that supn∈N
∏k
i=1 ‖fi‖2,n < ∞ because f1, f2, ..., fk ∈ Cb(X) ∩ L
2(X;m∞) and Xn
converges to X∞ in the pmG sense. Take r > 0 so thatK ⊂ Br(xn) := {x ∈ X : d(xn, x) < r}.
Let 1˜Rr denote the following function: (r < R)
1˜Rr (x) =

1 x ∈ Br(xn),
1−
d(x,Br(xn))
R− r
x ∈ BR(xn) \Br(xn),
0 o.w.
Then 1˜Rr ∈ Cbs(X). Thus, by Theorem 4.4, 4.8 and (5.10), for any δ > 0, there exists r > 0
so that ∣∣∣Eνn[f1(Snt1) · · · fk(Sntk)]− Eν∞[f1(S∞t1 ) · · · fk(S∞t∞)]∣∣∣
=
∣∣∣ˆ
Xn
Pnk dνn −
ˆ
X∞
P∞k dν∞
∣∣∣
=
∣∣∣ˆ
Xn
Pnk dνn −
ˆ
Xn
1˜Rr P
n
k dνn +
ˆ
Xn
1˜Rr P
n
k φ
1
ndmn −
ˆ
Xn
1˜Rr P
∞
k φ
1
∞dm∞
+
ˆ
Xn
1˜Rr P
∞
k dν∞ −
ˆ
X∞
P∞k dν∞
∣∣∣
≤ δ +
∣∣∣ˆ
X
1˜Rr P
n
k φndmn −
ˆ
X
1˜Rr P
∞
k φ∞dm∞
∣∣∣+ δ
n→∞
→ 2δ.
Here, in the fifth line above, in the first δ, we used (5.10) and in the second δ, we used
the tightness of the single measure m∞. The middle term in the fifth line converges to zero
because of the L2-strong convergence of the semigroup T nt by Theorem 4.4 and Theorem 4.8,
and L2-weak convergence of φn to φ∞. Thus, we have completed the proof.
6 Tightness
In this section, we investigate the tightness of the diffusion processes associated with (En,Fn).
According to [36] and [41], we have a decomposition of additive functionals for non-symmetric
forms, which is called Lyons-Zheng decomposition. Suppose Assumption 3.1. Let S =
(Ω, {Mt}t≥0, {St}t≥0, {Px}x∈X) be a diffusion process on Ω = D([0,∞);X∂) associated with
the Dirichlet form (E ,F) corresponding to (1.3). We take St(ω) = ω(t) as a coordinate pro-
cess for ω ∈ Ω. Let Sˆ = (Ω, {Mt}t≥0, {St}t≥0, {Pˆx}x∈X) be a dual process associated with
the dual form (Eˆ ,F). Let rT be a time reversal operator defined as follows:
rs(ω)(t) =
{
ω((s − t)−), 0 ≤ t ≤ s <∞,
ω(0), s < t.
Here ω(t−) := lims↑t ω(s). Since (E ,F) is local, the corresponding processes are diffusive and
jump only to the cemetery point ∂. Thus, we may omit to write ω(t−) before lifetime and
simply write ω(t). By the Fukushima decomposition, we have that for f ∈ F
f(St)− f(S0) =M
[f ]
t −N
[f ]
t , P
x-a.e., q.e. x, (6.1)
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whereby M [f ] is a martingale and N [f ] is a zero-energy process. Here we mean by zero-
energy e(N [f ]) = 0, in which the energy of N [f ] (generally, the energy of additive functionals)
is defined as follows:
e(N [f ]) := lim
α→∞α
2Em
[ˆ ∞
0
e−αt(N [f ]t )
2dt
]
.
Similarly, we have that for f ∈ F ,
f(St)− f(S0) = Mˆ
[f ]
t − Nˆ
[f ]
t , Pˆ
x-a.e., q.e. x. (6.2)
Let ζS and ζSˆ be lifetimes for S and Sˆ respectively. Let ζ := min{ζS, ζSˆ}. We note that, on
{ζ > T}, we have that, for an MT -measurable function F ,
Eˆm(F (rTω)) = E
m(F (ω)).
By [41], for f ∈ F , we have that on {ζ > T},
f˜(St)− f˜(S0) =
1
2
M
[f ]
t −
1
2
(Mˆ
[f ]
T (rT )− Mˆ
[f ]
T−t(rT )) +
1
2
(N
[f ]
t − Nˆ
[f ]
t ), (6.3)
for 0 ≤ t ≤ T Pm-a.e. Here f˜ means a quasi-continuous modification of f .
Now we estimate 12(N
[u]
t − Nˆ
[u]
t ).
Lemma 6.1 Suppose Assumption 3.1, |A|, |b1|, |b2|, c ∈ L
∞(X,m), bi ∈ Div2(X, d,m) (i =
1, 2) and symmetry of A. For f ∈ F and t ≥ 0, it holds that on {ζ > T},
Nˆ
[f ]
t −N
[f ]
t =
ˆ t
0
(
2b1(f)− 2b2(f)− fdivb1 + fdivb2
)
(Ss)ds,
for 0 ≤ t ≤ T Pm-a.e.
Proof. First we prove the statement for f ∈ D(Lˆ), whereby Lˆ denotes the generator associated
with (Eˆ ,F) and D(Lˆ) denotes the domain of Lˆ. In this case, we have Nˆ
[f ]
t =
´ t
0 Lˆf(Xs)ds
and thus, we see Nˆ
[f ]
t (rt) = Nˆ
[f ]
t . Then for f ∈ F , we have on {ζ > T},
Egm[Nˆ
[f ]
t ] = Eˆ
m[Nˆ
[f ]
t (rt)g˜(St)]
= Eˆm[Nˆ
[f ]
t g˜(St)]
= Eˆm[Nˆ
[f ]
t g˜(St)] + Eˆ
m[Nˆ
[f ]
t (g˜(St)− g˜(S0))], ∀g ∈ F ,
whereby g˜ denotes a quasi-continuous modification of g. We have
α2
∣∣∣Eˆm[ˆ ∞
0
e−αtNˆ [f ]t (g˜(St)− g˜(S0))
]∣∣∣
≤
(
α2Eˆm
[ˆ ∞
0
e−αt(Nˆ [f ]t )
2dt
])1/2(
α2Eˆm
[ˆ ∞
0
e−αt(g˜(Xt)− g˜(X0))2dt
])1/2
α→∞
→ eˆ(Nˆ [f ])1/2eˆ(g˜(Xt)− g˜(X0))
1/2 = 0.
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Therefore, by [29, Theorem 5.3.1], we have
lim
α→∞α
2Egm
[ˆ ∞
0
e−αtNˆ [f ]t dt
]
= lim
α→∞α
2Em
[ˆ ∞
0
e−αtNˆ [f ]t g˜(St)dt
]
= lim
α→∞α
2Eˆm
[ˆ ∞
0
e−αtNˆ [f ]t g˜(St)dt
]
+ α2
∣∣∣Eˆm[ˆ ∞
0
e−αtNˆ [f ]t (g˜(St)− g˜(S0))
]∣∣∣
= lim
α→∞α
2Eˆgm
[ˆ ∞
0
e−αtNˆft dt
]
= −Eˆ(f, g).
Since it holds that (recall symmetry of A)
Eˆ(f, g) +
ˆ
X
(
2b1(f)− 2b2(f)− fdivb1 + fdivb2
)
gdm = E(f, g),
by [29, Theorem 5.3.1], we obtain
lim
α→∞α
2Egm
[ˆ ∞
0
(
e−αtNˆ [f ]t −
ˆ t
0
(
2b1(f)− 2b2(f)− fdivb1 + fdivb2
)
(Ss)ds
)
dt
]
= lim
α→∞α
2Egm
[ˆ ∞
0
e−αtN [f ]t dt
]
. (6.4)
On the other hand, we can calculate the energy of Nˆ [f ] as follows:
e(Nˆ [f ]) = lim
α→∞α
2Em
[ˆ ∞
0
e−αt(Nˆ [f ]t )
2dt
]
= lim
α→∞α
2Eˆm
[ˆ ∞
0
e−αt(Nˆ [f ]t )
2dt
]
= eˆ(Nˆ [f ])
= 0. (6.5)
Thus, Nˆ
[f ]
t −
´ t
0 (2b1(f)−2b2(f)−fdivb1+fdivb2)(Ss)ds is an additive functional of S with
zero energy. By (6.4), (6.5), and [29, Theorem 5.3.1], we have the desired result for f ∈ D(Aˆ).
For general f ∈ F , we can take a sequence fn ∈ D(Lˆ) so that fn converges to f with
respect to the norm of the symmetric part E˜1 and for q.e. x ([29, Theorem 5.1.3]),
Pˆx[ΓˆT ] = 1,
where
ΓˆT = {ω ∈ Ω : Nˆ
[fn]
t (ω) converges to Nˆ
[f ]
t (ω) uniformly in t on [0, T ]}.
Since we have that on {ζ > T},
Nˆ
[fn]
t (rTω) =
ˆ T
T−t
Lˆfn(Ss(ω))ds = Nˆ
[fn]
T (ω)− Nˆ
[fn]
T−t(ω), (6.6)
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the set ΓˆT is rT -invariant, i.e., {rTω ∈ ΓˆT } = ΓˆT . Therefore, the complement Γˆ
c
T of ΓˆT is
also rT -invariant. Thus, we obtain
Pm(ΓˆcT ) = Pˆ
m(rTω ∈ Γˆ
c
T ) = Pˆ
m(ΓˆcT ) = 0.
Therefore, we can conclude the desired result for general f ∈ F .
By the previous lemma, by easy calculation, we have that, for f ∈ F , on {ζ > T},
f˜(Ss)− f˜(S0) =
1
2
M
[f ]
t −
1
2
(Mˆ
[f ]
T − Mˆ
[f ]
T−t(rT ))
−
ˆ t
0
(
b1(f)− b2(f)−
1
2
fdivb1 +
1
2
fdivb2
)
(Ss)ds, (6.7)
for 0 ≤ t ≤ T Pm-a.e.
Lemma 6.2 Under Assumption 1.1, {Sνn1{ζn>T}}n∈N and {Sˆνn1{ζn>T}}n∈N are tight in
P≤1(C([0, T ];X)) for any T > 0.
Proof. We only show the tightness of {Sνn}n∈N since the proof for the dual processes is the
same. Let us denote the law of h(Bn) for h ∈ Lipbs(X) as follows:
Sνn,h = (h(Sn),Pνnn ).
Here we set h(∂) = 0. It is easy to show that Lipbs(X) strongly separates points in Cb(X),
that is, for every x and ε > 0, there exists a finite set {hi}
l
i=1 ⊂ Lipbs(X) so that
inf
y:d(y,x)≥ε
max
1≤i≤l
|hi(x)− hi(y)| > 0.
By [12, Theorem 3.9.1, Corollary 3.9.2] (we can apply these statements also to the space
P≤1(C([0, T ];X)) of sub-probability measures) and Lemma 5.3, the following (i) follows from
(ii): For any T > 0,
(i) {Sνn1{ζn>T}}n∈N is tight in P≤1(C([0, T ];X));
(ii) {Sνn,h1{ζn>T}}n∈N is tight in P≤1(C([0, T ];R)) for ∀h ∈ Lipbs(X).
In fact, we can show the compact containment condition [12, (9.1) in Theorem 3.9.1] according
to (ii) and Lemma 5.3 by a proof similar to [12, Corollary 3.9.2]. We note that, although
[12, Theorem 3.9.1, Corollary 3.9.2] gives sufficient conditions for tightness only in the ca`dla`g
space D([0, T ];X), since the laws of each diffusions Sνnn and S
ν∞∞ have their support on the
space of continuous paths C([0, T ];X) before lifetime because of the locality of (En,Fn),
the tightness in D([0, T ];X) implies the tightness in C([0, T ];X). See, e.g., [13, Lemma 5
in Appendix] for this point. Thus, we will show that (ii) holds, i.e., for any T and any
h ∈ Lipbs(X),
{Sνn,h1{ζn>T}}n∈N is tight in P≤1(C([0, T ];X)). (6.8)
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Since νn converges weakly to ν∞ in P(X), the laws of the initial distributions {(h(Sn0 ),P
νn
n )}n∈N =
{h#νn}n∈N are clearly tight in P(R). For δ > 0, let us define
Ln,hη,T (x) := P
x
n
(
sup
0≤s,t≤T
|t−s|≤η
|h(Snt )− h(S
n
s )| > δ : {ζ
n > T}
)
.
By the local property of (En,Fn), we see that S
n is continuous in the event {ζn > T}. Thus,
the desired result we would like to show is the following:
lim
η→0
sup
n∈N
ˆ
Xn
Ln,hη,T νn(dx) = 0, (6.9)
for any T > 0. For any ε > 0, there exists R > 0 so thatˆ
Xn
Ln,hη,T νn(dx) = ‖φn1BR(xn)‖∞
ˆ
Xn
Ln,hη,T1BR(xn)dmn + νn(B
c
R(xn))
< ‖φn1BR(xn)‖∞
ˆ
Xn
Ln,hη,T1BR(xn)dmn + ε.
Let mn,R := 1BR(xn)mn. We have
ˆ
Xn
Ln,hη,T dmn,R = P
mn,R
n
(
sup
0≤s,t≤T
|t−s|≤h
|h(Snt )− h(S
n
s )| > δ : {ζ
n > T}
)
(6.10)
:= (I)n,η.
It suffices to show that, for any T,R > 0,
sup
n∈N
(I)n,η → 0, η → 0.
By the equality (6.7), we have that, on {ζn > T},
h(Sns )− h(S
n
0 ) =
1
2
M
[h],n
t −
1
2
(Mˆ
[h],n
T − Mˆ
[h],n
T−t (rT ))
−
ˆ t
0
(
bn1 (h)− b
n
2 (h)−
1
2
hdivbn1 +
1
2
hdivbn2
)
(Sns )ds, (6.11)
for 0 ≤ t ≤ T Pm-a.e. Thus, we have
(I)n,η = P
mn,R
(
sup
0≤s,t≤T
|t−s|≤η
|h(Snt )− h(S
n
s )| > δ : {ζ
n > T}
)
≤ Pmn,R
(
sup
0≤s,t≤T
|t−s|≤η
∣∣M [h],nt −M [h],ns ∣∣ > δ : {ζn > T})
+ Pmn,R
(
sup
0≤s,t≤T
|t−s|≤η
∣∣Mˆ [h],nT−t (rT )− Mˆ [h],nT−s (rT )∣∣ > δ : {ζn > T})
+ Pmn,R
(
sup
0≤s,t≤T
|t−s|≤η
∣∣∣ˆ t
s
(
bn2 (h)− b
n
1 (h)−
1
2
hdivbn2 +
1
2
hdivbn1
)
(Sl)dl
∣∣∣ > δ : {ζn > T}).
(6.12)
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Noting that Eˆm(F (rTω)) = E
m(F (ω)) for an MT -measurable function F on {ζ
n > T}, we
have
(R.H.S. of (6.12)) = Pmn,R( sup
0≤s,t≤T
|t−s|≤η
∣∣M [h],nt −M [h],ns ∣∣ > δ : {ζn > T})
+ Pˆmn,R
(
sup
0≤s,t≤T
|t−s|≤η
∣∣Mˆ [h],nT−t − Mˆ [h],nT−s ∣∣ > δ : {ζn > T})
+ Pmn,R
(
sup
0≤s,t≤T
|t−s|≤η
∣∣∣ˆ t
s
(
bn2 (h)− b
n
1 (h)−
1
2
hdivbn2 +
1
2
hdivbn1
)
(Sl)dl
∣∣∣ > δ : {ζn > T})
≤Pmn,R
(
sup
0≤s,t≤T
|t−s|≤η
∣∣M [h],nt −M [h],ns ∣∣ > δ : {ζn > T})
+ Pˆmn,R
(
sup
0≤s,t≤T
|t−s|≤η
∣∣Mˆ [h],nT−t − Mˆ [h],nT−s ∣∣ > δ : {ζn > T})
+ Pmn,R
(
(‖|bn1 |‖∞ + ‖|b
n
2 |‖∞ + ‖divb
n
1‖∞ + ‖divb
n
2‖∞)η > δ : {ζ
n > T}
)
. (6.13)
We first estimate the martingale part. Since M [h],n is a continuous martingale, by the mar-
tingale representation theorem, there exists a one-dimensional Brownian motion Bn(t) on
an extended probability space (Ω˜,M˜, P˜xn), whereby M
[h],n is represented as a time-changed
Brownian motion with respect to the quadratic variation P˜xn-a.s, q.e. x ∈ Xn (see, e.g.,
Ikeda–Watanabe [22, Chapter II Theorem 7.3’]). That is, for q.e. x ∈ Xn,
M
[h],n
t = B
n(〈M [h],n〉t) = B
n
(ˆ t
0
dµn〈h〉
dmn
(Snu )du
)
= Bn
(ˆ t
0
〈An∇h,∇h〉(S
n
u )du
)
P˜xn-a.s.
(6.14)
Here µn〈·〉 means the energy measure associated with Chn: Chn(f) =
´
Xn
µn〈f〉(dx) for f ∈ F
n.
Since |∇h| ≤ Lip(h), we have
{ω ∈ Ω˜ : sup
0≤s,t≤T
|t−s|≤η
∣∣M [h],nt −M [h],ns ∣∣ > δ}
⊂ {ω ∈ Ω˜ : sup
0≤s,t≤T
|t−s|≤η
∣∣∣Bn(ˆ t
0
‖|An|‖∞|∇h|2(Snu )du
)
−Bn
(ˆ s
0
‖|An|‖∞|∇h|2(Snu )du
)∣∣∣ > δ}
⊂ {ω ∈ Ω˜ : sup
0≤s,t≤‖|An|‖∞Lip(h)2T
|t−s|≤‖|An|‖∞Lip(h)2η
∣∣Bn(t)−Bn(s)∣∣ > δ}.
Let W be the standard Wiener measure on C([0,∞);R). Let
θ(η, h) := Wn( sup
0≤s,t≤‖|An|‖∞Lip(h)2T
|t−s|≤‖|An|‖∞Lip(h)2η
|ω(t)− ω(s)| > δ).
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By (6.13) and noting supn∈Nmn(BR(xn)) < ∞ because of the weak convergence of mn, we
have, for any T > 0,
sup
n∈N
Pmn,R( sup
0≤s,t≤T
|t−s|≤η
∣∣M [h],nt −M [h],ns ∣∣ > δ : {ζn > T})
≤ θ(η, h) sup
n∈N
mn(BR(xn))
η→0
→ 0. (6.15)
The dual martingale part can be estimated in a similar way, so, we omit the proof. For the
remaining part, we can see that the following uniform estimate in n:
sup
n∈N
Pmn,R
(
(‖|bn1 |‖∞ + ‖|b
n
2 |‖∞ + ‖divb
n
1‖∞ + ‖divb
n
2‖∞)η > δ : {ζ
n > T}
)
=0,
provided that
η sup
n∈N
(‖|bn1 |‖∞ + ‖|b
n
2 |‖∞ + ‖divb
n
1‖∞ + ‖divb
n
2‖∞) < δ.
Thus, we obtain supn∈N (I)n,η → 0 as η → 0. We have finished the proof.
Lemma 6.3 Suppose the conditions assumed in Theorem 1.3. Then {Sxn}n∈N is tight in
P(C([0,∞),X)).
Proof. Since xn converges to x∞ in (X, d), the laws of the initial distributions {Sn0 }n∈N =
{δxn}n∈N are clearly tight in P(X). Thus, it suffices to show the following (see [9, Theorem
12.3]): for each T > 0, there exist β > 0, C > 0 and θ > 1 such that, for all n ∈ N,
Exn [d˜β(Snt , S
n
t+h)] ≤ Ch
θ, (for every 0 ≤ t ≤ T and 0 ≤ h ≤ 1), (6.16)
whereby d˜(x, y) := d(x, y) ∧ 1. By the Markov property, we have
L.H.S. of (6.16)
=
ˆ
Xn×Xn
pn(t, xn, y)pn(h, y, z)d˜
β(ιn(y), ιn(z))mn(dy)mn(dz).
≤
ˆ
Xn×Xn
pn(t, xn, y)pn(h, y, z)d
β(ιn(y), ιn(z))mn(dy)mn(dz). (6.17)
By the generalized Bishop–Gromov inequality [11, Proposition 3.9], we have the follow-
ing volume growth estimate: there exist positive constants ν = ν(N,K,D) > 0 and c =
c(N,K,D) > 0 such that, for all n ∈ N
mn(Br(x)) ≥ cr
2ν (0 ≤ r ≤ 1 ∧D). (6.18)
On the other hand, the volume doubling property ([33]) and the Poincare´ inequality ([20,
31, 32]) hold under RCD∗(K,N) condition. According to [25, Theorem 5.4] and (6.18), we
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have that there exist positive constants C1 and C2 depending only onN,K,D, supn∈N{‖|An|‖∞+
‖|bn1 |‖∞ + ‖|b
n
2 |‖∞ + ‖cn‖∞} and T so that
p(t, x, y) ≤
C1
tν
exp
{
−C2
d(x, y)2
t
}
, (6.19)
for all x, y ∈ X and 0 < t ≤ D2. Thus, we have
ˆ
Xn
pn(s, y, z)d
β(ιn(y), ιn(z))mn(dz)
≤
C1
csν
ˆ
Xn
exp
(
−C2
dn(y, z)
2
s
)
dβ(ιn(y), ιn(z))mn(dz)
≤
C1
csν
ˆ
Xn
exp
(
−C2
dn(y, z)
2
s
)
dβn(y, z)mn(dz)
≤ C1c
−1C2/β2 C3s
β/2−νmn(Xn) sup
y,z∈Xn
{(
C2
dn(y, z)
2
s
)β/2
exp
(
−C2
dn(y, z)
2
s
)}
≤ C1c
−1C2/β2 Mβs
β/2−ν
= C4s
β/2−ν . (6.20)
By (6.20), we have
R.H.S. of (6.17) ≤ C4h
β/2−ν
ˆ
Xn
pn(t, xn, y)mn(dy)
≤ C4h
β/2−ν . (6.21)
Thus, we finish the proof by taking β > 0 such that β/2 − ν > 1, and set θ = β/2− ν.
By Lemma 5.3, 6.2, we can finish the proof of Theorem 1.2. By Lemma 5.1, 6.3, we finish
the proof of Theorem 1.3.
7 Conservativeness
In this section, under Assumption 3.1 with α0 = 0, we give a criterion for the conservativeness
of (E ,F) and (Eˆ ,F). In the case of finite mass m(X) <∞, if
divbi = c, i = 1, 2,
then it is easy to check the conservativeness since 1 ∈ F and E(1, g) = 0 for any g ∈ F
(see e.g., [29, Theorem 5.6.1]). We focus only on the case of RCD∗(K,N) with infinite mass
m(X) =∞.
Let (X, d,m, x) be an RCD∗(K,N) space. Note that (X, d,m) becomes locally compact
because of the RCD∗(K,N) condition. Recall that ∂ denotes a cemetery point jointed to
X as one-point compactfication. Let A := {ρ ∈ Floc ∩ C(X) : limx→∂ ρ(x) = ∞, {x ∈
X : ρ(x) ≤ r} is compact for any r > 0}. Let Bρr = {x ∈ X : ρ(x) ≤ r} and Mρ(r) :=
ess-supx∈Bρr 〈A˜∇ρ,∇ρ〉(x).
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Proposition 7.1 Let (X, d,m, x) be an RCD∗(K,N) space. Suppose Assumption 3.1 and
divbi = c, for i = 1, 2. (7.1)
Assume that there exists ρ ∈ A so that, for any R > 0,
lim
r→∞m(B
ρ
R+r)Erfc(
r√
Mρ(R+ r)T
) = 0, (7.2)
whereby Erfc(x) := 2√
pi
´∞
x e
−y2dy and there exists a constant c > 0 so that with the above ρ,
it holds that
|b1 − b2||∇ρ|1Bρr ≤ c(1 + r) m-a.e., for any r > 0. (7.3)
Then the form (E ,F) and the dual form (Eˆ , Fˆ) are conservative.
Proof of Propostion 7.1. The idea of the proof is similar to the case of Euclidean diffusions
discussed in [37, Section 4]. We only prove the statement for (E ,F) since the dual case can be
shown in the same proof. Let us write mR = m1Bρ
R
. Let ({St}t≥0,Pxr ) denote a part process
on Br(x) of ({St}t≥0,Px) with x ∈ B
ρ
r , which is a stopped process when it hits the boundary
∂Br(x). Let T > 0. If S0 ∈ B
ρ
R, then, by the locality of (E ,F),
Er = { sup
t∈[0,T ]
(ρ(St)− ρ(S0)) ≥ r} = { sup
t∈[0,T ],t<τR+r
(ρ(St)− ρ(S0)) ≥ r} under S0 ∈ B
ρ
R.
Here τR+r = inf{t ≥ 0 : St ∈ ∂B
ρ
R+r}. Thus, we have P
mR(Er) = P
mR
R+r(Er). By (7.1), the
form E has no killing term, which implies that the corresponding process has no inside killing.
Therefore,
PmR( sup
t∈[0,T ]
(ρ(St)− ρ(S0)) =∞) = lim
r→∞P
mR(Er)
= lim
r→∞P
mR
R+r(Er)
= lim
r→∞P
mR+r
R+r ( sup
t∈[0,T ],t<τR+r
(ρ(St)− ρ(S0)) ≥ r).
The goal for the proof is to show
lim
r→∞P
mR+r
R+r ( sup
t∈[0,T ],t<τR+r
(ρ(St)− ρ(S0)) ≥ r) = 0.
It is easy to check that the function ρR+r := ((ρ− (R+ r))∧ 0) +R+ r belongs to FBρ
R+r
:=
{f ∈ L2(X,m) : f |Bρ
R+r
∈ F} and ρR+r = ρ on B
ρ
R+r. Thus, by (6.3), we have
P
mR+r
R+r
(
sup
t∈[0,T ],t<τR+r
(ρ(St)− ρ(S0)) ≥ r
)
≤ P
mR+r
R+r
(
sup
t∈[0,T ],t<τR+r
1
2
M
[ρ]
t ≥
r
4
)
+ P
mR+r
R+r
(
sup
t∈[0,T ],t<τR+r
−
1
2
Mˆ
[ρ]
t (rT ) ≥
r
4
)
+ P
mR+r
R+r
(
sup
t∈[0,T ],t<τR+r
1
2
Mˆ
[ρ]
T−r(rT ) ≥
r
4
)
+ P
mR+r
R+r
(
sup
t∈[0,T ],t<τR+r
1
2
(N
[ρ]
t − Nˆ
[ρ]
t ) ≥
r
4
)
.
≤ P
mR+r
R+r
(
sup
t∈[0,T ],t<τR+r
1
2
M
[ρ]
t ≥
r
4
)
+ Pˆ
mR+r
R+r
(
sup
t∈[0,T ],t<τR+r
−
1
2
Mˆ
[ρ]
t ≥
r
4
)
+ Pˆ
mR+r
R+r
(
sup
t∈[0,T ],t<τR+r
1
2
Mˆ
[ρ]
T−r ≥
r
4
)
+ P
mR+r
R+r
(
sup
t∈[0,T ],t<τR+r
1
2
(N
[ρ]
t − Nˆ
[ρ]
t ) ≥
r
4
)
.
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By using (7.2), the martingale parts go to zero as r →∞ in a similar way to [15, §5.7], so we
omit the proof. We just need to estimate the zero-energy parts. By the equality (6.7) and
(7.1), we have
1
2
(N
[ρ]
t − Nˆ
[ρ]
t ) =
ˆ t
0
(b1 − b2)(ρ)(Ss)ds.
Therefore, by (7.3), we have
P
mR+r
R+r
(
sup
t∈[0,T ],t<τR+r
1
2
(N
[ρ]
t − Nˆ
[ρ]
t ) ≥
r
4
)
= P
mR+r
R+r
(
sup
t∈[0,T ],t<τR+r
ˆ t
0
(b1 − b2)(ρ)(Ss)ds ≥
r
4
)
= P
mR+r
R+r
(
|b1 − b2||∇ρ|T ≥
r
4
)
≤ PR+rmR+r
(
c(1 + r +R)T ≥
r
4
)
→ 0 as r →∞ if T <
1
4c
.
Thus, the desired result is true for T < 14c . By using the Markov property, we can extend
the result for any T ≥ 0. Thus, we have finished the proof.
As a corollary, we obtain that diffusion processes constructed in Proposition 3.2 are con-
servative if divbi = c for i = 1, 2.
Corollary 7.2 Let X be an RCD∗(K,N) space and (E ,F) be the Dirichlet form associated
with (1.3). Under Assumption 3.1 and divbi = c for i = 1, 2, the Dirichlet form (E ,F) is
conservative.
Proof. By (1.2), we have the following volume growth estimate: there exist positive constants
c1, c2 depending only on K so that m(Br(x)) ≤ c1e
c2r2 Take ρ = d(·, x). Then we obtain
m(BρR+r)Erfc(
r√
Mρ(R+ r)T
) ≤ c3 exp{c2(R+ r)
2}
√
Mρ(R + r)T
r
exp{−
r2
2Mρ(R + r)T
}.
(7.4)
Here c3 is a positive constant depending only on K. By |A˜| ∈ L
∞(X;m), it holds that
Mρ(·) ∈ L∞(X;m). Therefore, R.H.S. of (7.4) goes to zero as r → ∞ and we obtain (7.2).
The inequality (7.3) holds immediately because |b1 − b2| ∈ L
∞(X,m).
8 Examples
In this section, several specific examples satisfying Assumption 1.1 are given. There are
various concrete examples of non-smooth metric measure spaces satisfying RCD conditions.
See Ricci limit spaces (Sturm [33, 34], Lott–Villani [26], Cheeger–Colding [10, Example 8]),
Alexandrov spaces (Petrunin, Zhang–Zhu [30, 43]), warped products and cones (Ketterer [23,
24]), quotient spaces (Galaz-Garc´ıa–Kell–Mondino–Sosa [16]) and infinite-dimensional spaces
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such as Hilbert spaces with log-concave measures (Ambrosio–Savare´–Zambotti [7]). Also, in
[35, Section 4], the author explained various examples relating to the weak convergence of
Brownian motions such as weighted Riemannian manifolds whose weighted Ricci curvature
is bounded below, its pmG limit spaces, Alexandrov spaces, and Hilbert spaces with log-
concave probability measures. Those examples are also available for this paper, and we
omit the descriptions of those examples and we refer the reader to those references. What
we discuss in this section is how to construct concrete examples of coefficients An,b
n, cn
satisfying Assumption 1.1.
For any f ∈W 1,2(X, d,m), recall that we set a gradient derivation operator bf so that
bf (g) := 〈∇f,∇g〉, g ∈W
1,2(X, d,m).
Then we can check that bf is an L
2-derivation and |bf | = |∇f | (see e.g., Gigli [17] for detail).
Recall a sufficient condition for the L2-strong convergence for gradient derivations accord-
ing to [8, Theorem 6.4].
Theorem 8.1 ([8, Theorem 6.4]) Let (Xn, dn,mn, xn) be a sequence of p.m.m. spaces with
RCD(K,∞) condition. Assume that (Xn, dn,mn, xn) converges to (X∞, d∞,m∞, x∞) in the
pmG sense. If fn ∈ W
1,2(mn) converges strongly in W
1,2 to f∞ ∈ W 1,2(m∞), then bfn
converges strongly in L2 to bf∞ .
Using Theorem 8.1, we give an example of gradient derivations which is given by the resolvent
of the Cheeger energy and satisfies Assumption 1.1, according to [8, Example 6.6].
Example 8.2 (Derivation associated with resolvents) Let (Xn, dn,mn, xn) be a se-
quence of p.m.m. spaces with RCD(K,∞) condition with mn(Xn) = 1 or RCD
∗(K,N). As-
sume that (Xn, dn,mn, xn) converges to (X∞, d∞,m∞, x∞) in the pmG sense. Let {Gnλ}λ≥0
and {Hnt }t≥0 be the resolvent and the semigroup associated with Cheeger energy Chn.
Let h ∈ HQ+Abs(X∞) with h ≥ 0. Let gin ∈ L∞(mn) ∩ L2(mn) (i = 1, 2) satisfying
supn∈N ‖gin‖∞ <∞ and gin converges to gi∞ ∈ L∞(m∞)∩L2(m∞) strongly in L2 for i = 1, 2.
Set An := h˜|Xn + a with a constant a > 0, thus
〈An∇f,∇f〉 = (h˜|Xn + a)|∇f |
2,
whereby ˜ means the McShane extension of a function on X∞ to the whole space X and
|Xn denotes the restriction of functions to Xn. Let f
i
n := Gλg
i
n, b
n
i := bf in for i = 1, 2
and take cn ∈ L
∞(mn) ∩ L2(mn) (n ∈ N) converging in L2 strongly to c∞ and cn ≥
max{divbf1n ,divbf2n} for all n ∈ N. Then Assumption 1.1 is satisfied.
Proof of Example 8.2. By [5, Theorem 5.7], it is easy to see that An converges to A∞ in
the sense of Definition 4.7. We only discuss g1n and f
1
n, and write g
1
n = gn and f
1
n = fn for
simplicity of notation in this paragraph. Since gn ∈ L
∞(mn) ∩ L2(mn) and fn := Gnλgn, we
have that Gnλgn ∈ D(∆n) ⊂ W
1,2(X, d,m) ∩ L∞(mn) where D(∆n) denotes the domain of
the infinitesimal generator associated with Chn. Moreover G
n
λgn ∈ Lipb(X). In fact, since we
know that, by [4, Theorem 6.5],
Hnt gn ∈ L
∞(Xn,mn), Lip(Hnt gn) ≤
||gn||∞√
2I2K(t)
,
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where IK(t) :=
´ t
0 e
Ksds. Noting Gnλgn =
´∞
0 e
−λtHnt gn, we have that ‖Gnλgn‖∞ < ‖gn‖∞/λ.
and
|Gnλgn(x)−G
n
λgn(y)| ≤
ˆ ∞
0
e−λt|Hnt gn(x)−H
n
t gn(y)|dt
≤
ˆ ∞
0
e−λt
||gn||∞√
2I2K(t)
d(x, y)dt
≤
ˆ ∞
0
e−λt
||gn||∞√´ t
0 e
2Ksds
d(x, y)dt
≤ ||gn||∞d(x, y)
ˆ ∞
0
e−λt
1√
e2Kt−1
2K
dt.
Therefore, Gnλgn ∈ Lipb(Xn) and its Lipschitz constant is uniformly bounded in n. Thus,
supn∈N ‖|bfn |‖∞ = supn∈N ‖|∇fn|‖∞ = supn∈N ‖|∇Gλgn|n‖∞ < ∞. Since supn∈N ‖gn‖∞ <
∞ and gn → g∞ in L2 strongly, then supn∈N ‖fn‖∞ < ∞, and by the result of the Mosco
convergence of Chn to Ch∞ [19, Theorem 6.8], we have that fn → f∞ strongly in W 1,2 (see
also, [19, Corollary 6.10]). Therefore, by Theorem 8.1, the gradient derivation bfn converges
to bf∞ strongly in L
2, and supn∈N ‖|bfn |‖∞ <∞. Since divbfn = ∆nfn = λfn− gn, we have
supn∈N ‖divbfn‖∞ <∞ and divbfn → divbf∞ strongly in L2.
We give another example, which is given in terms of eigenfunctions of Laplacian according
to [8, Example 6.7].
Example 8.3 (Derivation associated with eigenfunctions of Laplacian)
Let Xn = (Xn, dn,mn, xn) be an RCD(K,∞) space for all n ∈ N converging to X∞ =
(X∞, d∞,m∞, x∞) in the pmG sense. Let un be a normalized eigenfunction
´
Xn
u2ndmn = 1
of the generator −∆n associated with Chn with −∆nun = λun for some λ ∈ R≥0. Assuming
K > 0, or mn(Xn) = 1, by [19, Proposition 6.7], we have that −∆n has discrete spectra
{λkn}
∞
k=1 (non-decreasing order) with the eigenfunctions {u
k
n}k≥0. By [19, Theorem 7.8], we
know that λkn converges to λ
k∞, and ukn converges to uk∞ strongly in L2 if the limit eigenvalue
is simple (if not simple, we can extract a convergence subsequence). By Chn(u
k
n) = λ
k
n →
λk∞ = Ch∞(uk∞), it holds that ukn converges to uk∞ strongly in W 1,2, which implies bukn
converges to buk
∞
strongly in L2 by Theorem 8.1. On the other hand, the action of the heat
semigroup Hnt u
k
n is also the k-th eigenfunction since ∆nH
n
t u
k
n = H
n
t ∆nu
k
n = λ
k
nH
n
t u
k
n. Since
ukn ∈ W
1,2(Xn, dn,mn), by Lipschitz regularization of H
n
t for W
1,2 elements (see e.g., [18,
Theorem 4.3], the proof is available also for the case without the condition of Alexandrov
spaces), if {Ht}t≥0 is ultra-contractive and ‖Hnt ‖1→∞ is uniformly bounded from above in n,
we have that ukn has a Lipschitz representation u˜
k
n and therefore we may assume that u
k
n is
Lipschitz continuous and its Lipschitz constant is dominated by
e−Kt
√
‖Hnt ‖1→∞Chn(ukn) = e
−Kt
√
‖Hnt ‖1→∞λkn.
For instance, if Xn is RCD
∗(K,N) with supn∈N diam(Xn) <∞, or with infx∈Xn mn(Br(x)) >
0 for any fixed r > 0, {Ht}t≥0 is ultra-contractive and ‖Hnt ‖1→∞ is uniformly bounded from
above in n. This is because the volume doubling property and the Poincare´ inequality imply
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the Gaussian heat kernel estimate whose constants only depend on the constants appearing in
the doubling and Poincare´ inequalities, which yields the desired uniform ultra-contractivity.
Thus, we obtain
sup
n∈N
‖|bukn |‖∞ = sup
n∈N
‖|∇ukn|‖∞ < e
−Kt sup
n∈N
√
‖Hnt ‖1→∞λkn <∞.
Also we have
sup
n∈N
‖|divbukn |‖∞ = sup
n∈N
‖∆nu
k
n‖∞ < sup
n∈N
λkn <∞.
Take bn1 = bukn , b
n
2 = buk′n
and cn ∈ L
∞(mn) ∩ L2(mn) (n ∈ N) converging in L2 strongly
to c∞ and satisfying cn ≥ max{divbukn ,divbuk′n } for all n ∈ N. Thus, by taking An as in
Example 8.2, we have given an example satisfying Assumption 1.1.
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